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Abstract. In this paper we find sufficient conditions for a direct system of Segal topological algebras to have a colimit in the category
Seg of Segal topological algebras.

Keywords: Segal topological algebra, category, direct system, colimit.

1. INTRODUCTION AND MOTIVATION

It is a known result in the category theory that the category is cocomplete (i.e., all colimits exist) if and only
if all coequalizers and all coproducts exist in this category. Usually this result is not proved in the category
theory books. Instead, the authors prove a dual statement that the category is complete (i.e., all limits exist) if
and only if all equalizers and all products exist in this category. The proof of this result is usually given quite
schematically. If one takes a closer look at the proof of this result (or its dual result about limits, products
and equalizers), then one can detect that only two particular coproducts and only one particular coequalizer
is constructed in order to obtain the colimit of a particular direct system. Thus, in case one is interested in
the existence or the description of only one particular colimit, then one does not have to demand that the
category should be cocomplete. In this paper (see Theorem 1) we describe the sufficient conditions for the
existence of a colimit of a particular direct system in the category and apply the obtained result in order to
obtain some more complicated sufficient conditions for the existence of a colimit of a fixed direct system in
the category Seg of Segal topological algebras.
Themotivation for proving the category-theoretical result originates from the study of the category Seg of

all Segal topological algebras (see below for the definition of a Segal topological algebra). For this category,
it is known that all coequalizers exist (see [4]) but for the existence of the coproduct of a family of Segal
topological algebras only sufficient conditions are known, which do not seem to guarantee the existence of
coproducts of all families of Segal topological algebras (see [5]). Hence, the best we can currently hope
to achieve in the case of the category Seg are the sufficient conditions for the existence of a colimit of a
particular direct system of Segal topological algebras.
One of the aims of this paper is also to provide very detailed proofs of themain results involved (Theorems

1 and 4).
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2. PRELIMINARY DEFINITIONS AND RESULTS

Let C be any category. Denote by Ob(C) the collection of all objects of C and by Mor(C) the collection of
all morphisms of C. For particular fixed objects 𝐴, 𝐵 ∈ Ob(C), denote by Mor(𝐴, 𝐵) the collection of all
morphisms from 𝐴 to 𝐵. As usual, we will denote the morphisms in the diagrams by arrows. Thus, 𝐴

𝑓
→ 𝐵

will denote 𝑓 ∈ Mor(𝐴, 𝐵) in the diagram.
Let (𝐼,�) be a partially ordered set. This means that 𝐼 is a set and � is a homogeneous, reflexive,

antisymmetric and transitive relation over 𝐼. Throughout the whole paper, we use [6] as the main source for
the definitions in the general category theory.

A direct system (indexed by a partially ordered set 𝐼) in the categoryC is an ordered pair ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗),
where the following three conditions are fulfilled:
1) 𝐴𝑖 ∈ Ob(C) for all 𝑖 ∈ 𝐼 and 𝜙𝑖𝑗 ∈ Mor(𝐴𝑖 , 𝐴 𝑗) for all 𝑖, 𝑗 ∈ 𝐼 with 𝑖 � 𝑗 ;
2) 𝜙𝑖

𝑖
is the identity morphism on 𝐴𝑖 for each 𝑖 ∈ 𝐼;

3) 𝜙 𝑗
𝑘
◦𝜙𝑖

𝑗
= 𝜙𝑖

𝑘
for all 𝑖, 𝑗 , 𝑘 ∈ 𝐼 with 𝑖 � 𝑗 � 𝑘 .

Let (𝐼,�) be a partially ordered set and consider the Cartesian product set

𝐼 × 𝐼 = {(𝑖, 𝑗) : 𝑖, 𝑗 ∈ 𝐼}.

On this set, we will consider the product (partial) order �𝑃, defined by

(𝑖, 𝑗) �𝑃 (𝑘, 𝑙) if and only if 𝑖 � 𝑘 and 𝑗 � 𝑙.

It is easy to check that �𝑃 is a partial order on the Cartesian product 𝐼 × 𝐼.
We will be using the subset 𝐾 = {(𝑖, 𝑗) ∈ 𝐼 × 𝐼 : 𝑖 � 𝑗} of the Cartesian product 𝐼 × 𝐼. Considering the

restriction �𝐾=�𝑃 |𝐾 of the product order on 𝐾 , the set (𝐾,�𝐾 ) becomes also a partially ordered set.
Suppose that we have a direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗). For all (𝑖, 𝑗), (𝑘, 𝑙) ∈ 𝐾 with (𝑖, 𝑗) �𝐾 (𝑘, 𝑙),

define 𝐴(𝑖, 𝑗) = 𝐴𝑖 and 𝜙
(𝑖, 𝑗)
(𝑘,𝑙) = 𝜙

𝑖
𝑘
. Thenwe obtain another direct system

(
(𝐴(𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 ,

(
𝜙
(𝑖, 𝑗)
(𝑘,𝑙)

)
(𝑖, 𝑗) �𝐾 (𝑘,𝑙)

)
,

indexed by the partially ordered set (𝐾,�𝐾 ). Indeed:
1) 𝐴(𝑖, 𝑗) = 𝐴𝑖 ∈ Ob(C) and 𝜙 (𝑖, 𝑗)

(𝑘,𝑙) = 𝜙
𝑖
𝑘
∈ Mor(𝐴(𝑖, 𝑗) , 𝐴(𝑘,𝑙) ) for all (𝑖, 𝑗), (𝑘, 𝑙) ∈ 𝐾 with (𝑖, 𝑗) �𝑘 (𝑘, 𝑙);

2) 𝜙 (𝑖, 𝑗)
(𝑖, 𝑗) = 𝜙

𝑖
𝑖
is the identity morphism on 𝐴𝑖, 𝑗 = 𝐴𝑖 for each (𝑖, 𝑗) ∈ 𝐾;

3) 𝜙 (𝑘,𝑙)
(𝑚,𝑛) ◦𝜙

(𝑖, 𝑗)
(𝑘,𝑙) = 𝜙

𝑘
𝑚 ◦𝜙𝑖

𝑘
= 𝜙𝑖𝑚 = 𝜙

(𝑖, 𝑗)
(𝑚,𝑛) for all (𝑖, 𝑗), (𝑘, 𝑙), (𝑚,𝑛) ∈ 𝐾 with (𝑖, 𝑗) �𝐾 (𝑘, 𝑙) �𝐾 (𝑚,𝑛).

In what follows, we will refer to the direct system
(
(𝐴(𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 ,

(
𝜙
(𝑖, 𝑗)
(𝑘,𝑙)

)
(𝑖, 𝑗) �𝐾 (𝑘,𝑙)

)
by the name the

direct system of the domains of the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗).
Let 𝐼 be any set. Recall that the coproduct of the family (𝐴𝑖)𝑖∈𝐼 of objects of C is an ordered pair(∐

𝑖∈𝐼
𝐴𝑖 , (𝛼𝑖)𝑖∈𝐼

)
, where

∐
𝑖∈𝐼
𝐴𝑖 ∈ Ob(C) and 𝛼𝑖 ∈Mor

(
𝐴𝑖 ,

∐
𝑖∈𝐼
𝐴𝑖

)
for each 𝑖 ∈ 𝐼 such that for every 𝑋 ∈ Ob(C)

and every family of morphisms (𝛽𝑖 ∈ Ob(𝐴𝑖 , 𝑋))𝑖∈𝐼 , there exists a unique morphism 𝜃 ∈ Mor
(∐
𝑖∈𝐼
𝐴𝑖 , 𝑋

)
,

making the diagram
𝐴𝑖

∐
𝑖∈𝐼
𝐴𝑖 𝑋

𝛼𝑖 𝛽𝑖

𝜃

commutative for every 𝑖 ∈ 𝐼.
Take any 𝐴, 𝐵 ∈ Ob(C) and 𝑓 , 𝑔 ∈Mor(𝐴, 𝐵). Recall that the coequalizer of the morphisms 𝑓 and 𝑔 is

the ordered pair (𝑍, 𝑒), where 𝑍 ∈ Ob(C) and 𝑒 ∈Mor(𝐵, 𝑍) are such that 𝑒 𝑓 = 𝑒𝑔 and for each 𝑋 ∈ Ob(C)
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and 𝑝 ∈Mor(𝐵, 𝑋) with 𝑝 𝑓 = 𝑝𝑔, there exists a unique 𝑟 ∈Mor(𝑍, 𝑋) such that 𝑝 = 𝑟 ◦ 𝑒, i.e., the following
diagram is commutative:

𝐴 𝐵 𝑍

𝑋

𝑔

𝑓
𝑒

𝑝
𝑟 .

Suppose that C is such a category that the coproducts
(∐
𝑖∈𝐼
𝐴𝑖 , (𝛼𝑖)𝑖∈𝐼

)
and

( ∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) , (𝛼(𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾
)

of a direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) and its direct system of domains exist. Then we obtain the following
diagrams ∐

𝑖∈𝐼
𝐴𝑖

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) 𝐴𝑖 = 𝐴(𝑖, 𝑗)

𝐴 𝑗 𝐴𝑖 = 𝐴(𝑖, 𝑗)
∐
𝑖∈𝐼
𝐴𝑖

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗)

𝛼

𝛼𝑖 𝛼(𝑖, 𝑗)𝛼𝑗 𝛼(𝑖, 𝑗)

𝜙𝑖
𝑗

𝛼𝑗◦𝜙𝑖𝑗

𝛽

for all pairs (𝑖, 𝑗) ∈ 𝐾 . As
( ∐
(𝑖, 𝑗) ∈𝐾

𝐴𝑖, 𝑗 , (𝛼𝑖, 𝑗) (𝑖, 𝑗) ∈𝐾
)
is the coproduct, then there exists a unique morphism

𝛼 ∈ Mor
( ∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) ,
∐
𝑖∈𝐼
𝐴𝑖

)
such that the first diagram becomes commutative. For similar reasons, there

exists a unique morphism 𝛽 ∈Mor
( ∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) ,
∐
𝑖∈𝐼
𝐴𝑖

)
such that the second diagram becomes commutative.

It is clear that if we have any direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) in category C, then we will automatically
obtain its direct system of domains. Moreover, if the coproducts of the direct system and its direct system of
domains exist, then we will automatically obtain morphisms 𝛼 and 𝛽. Thus, whenever the coproducts of the
direct system and its direct system of domains exist, the morphisms 𝛼 and 𝛽 are uniquelly determined by the
direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗). Therefore, in order to shorten the text that will follow, we will call these
morphisms 𝛼 and 𝛽 morphisms induced by the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗).
In what follows, we will need two results, the duals of which could be found with proofs in the books on

the category theory. Since we need them in the “co”-situation and the books do not seem to have the proofs
for this case, we provide hereby those two results with their complete proofs.

Lemma 1. Let C be any category. If 𝐼 is any set, (𝐶𝑖)𝑖∈𝐼 is a family of objects of the category C, (𝑃, (𝛾𝑖)𝑖∈𝐼 )
is the coproduct of the family (𝐶𝑖)𝑖∈𝐼 , 𝑋 ∈ Ob(C) and 𝑓 , 𝑔 ∈ Mor(𝑃, 𝑋) such that 𝑓 ◦ 𝛾𝑖 = 𝑔 ◦ 𝛾𝑖 for each
𝑖 ∈ 𝐼, then 𝑓 = 𝑔.

Proof. Denote 𝛿𝑖 = 𝑓 ◦𝛾𝑖 = 𝑔 ◦𝛾𝑖 for each 𝑖 ∈ 𝐼. Notice that then we will obtain a commutative diagram

𝑋 𝐶𝑖

𝑃

𝛿𝑖

𝛾𝑖

𝑓

𝑔

for each 𝑖 ∈ 𝐼. By the definition of the coproduct, there exists a unique morphism 𝜃 ∈ Mor(𝑃, 𝑋) such that
𝜃 ◦𝛾𝑖 = 𝛿𝑖 for each 𝑖 ∈ 𝐼. As ℎ and 𝑘 satisfy the same condition, then we must have ℎ = 𝜃 = 𝑘 . �

Lemma 2. Let C be any category, 𝐴, 𝐵 ∈ Ob(C) and 𝛼, 𝛽 ∈ Mor(𝐴, 𝐵). If (𝑍, 𝑒) is the coequalizer of the
morphisms 𝛼 and 𝛽, 𝑋 ∈ Ob(C) and 𝑓 , 𝑔 ∈ Mor(𝑍, 𝑋) are such that 𝑓 ◦ 𝑒 = 𝑔 ◦ 𝑒, then 𝑓 = 𝑔.
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Proof. Denote 𝑝 = 𝑓 ◦ 𝑒 = 𝑔 ◦ 𝑒. Notice that we will obtain a commutative diagram

𝐴 𝐵 𝑍

𝑋

𝛼

𝛽

𝑒

𝑝
𝑓𝑔 .

As (𝑍, 𝑒) is the coequalizer of the morphisms 𝛼 and 𝛽, then 𝑒 ◦𝛼 = 𝑒 ◦ 𝛽. But then also

𝑝 ◦𝛼 = ( 𝑓 ◦ 𝑒) ◦𝛼 = 𝑓 ◦ (𝑒 ◦𝛼) = 𝑓 ◦ (𝑒 ◦ 𝛽) = ( 𝑓 ◦ 𝑒) ◦ 𝛽 = 𝑝 ◦ 𝛽.

By the definition of the coequalizer, we know that in such a situation there exists exactly one morphism
𝑟 ∈ Mor(𝑍, 𝑋) such that 𝑟 ◦ 𝑒 = 𝑝. As 𝑓 and 𝑔 satisfy the same condition, then we must have 𝑓 = 𝑟 = 𝑔. �

Let us conclude this section by recalling the definition of a colimit of a direct system.
The colimit of a direct system ((𝐴𝑖)𝑖∈𝐼 ; (𝜙 𝑗𝑘) 𝑗�𝑘) in C is the pair (lim−−→𝐴𝑖; (𝑝𝑖)𝑖∈𝐼 ), where lim−−→𝐴𝑖 is an

object of C and (𝑝 𝑗 : 𝐴 𝑗 → lim−−→𝐴𝑖) 𝑗∈𝐼 is a collection of morphisms in C such that
(i) 𝑝 𝑗 ◦𝜙𝑖𝑗 = 𝑝𝑖 whenever 𝑖 � 𝑗 ;

(ii) for every 𝑄 ∈ Ob(C) and morphisms (𝑞𝑖 : 𝐴𝑖 → 𝑄)𝑖∈𝐼 , which satisfy 𝑞 𝑗 ◦ 𝜙𝑖𝑗 = 𝑞𝑖 whenever 𝑖 � 𝑗 ,
there exists a unique morphism 𝜃 : lim−−→𝐴𝑖 →𝑄, making the diagram

lim−−→𝐴𝑖 𝑄

𝐴𝑖

𝐴 𝑗

𝜃

𝑝𝑖
𝑞𝑖

𝜙𝑖
𝑗

𝑝 𝑗 𝑞 𝑗

commutative.

3. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF THE COLIMIT OF A DIRECT
SYSTEM

Using the notation and lemmas from the previous section, we are ready to prove the following result.

Theorem 1. Let C be any category and ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) a direct system in the category C. If the
coproducts of the system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) and the direct system of the domains of ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) exist
and the coequalizer of the morphisms 𝛼 and 𝛽, induced by the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗), exist in C,
then the colimit of the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) also exists.

Proof. Suppose that the coproducts
(∐
𝑖∈𝐼
𝐴𝑖 , (𝛼𝑖)𝑖∈𝐼

)
and

( ∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) , (𝛼(𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾
)
of the direct system

((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) and its direct system of domains
(
(𝐴(𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 ,

(
𝜙
(𝑖, 𝑗)
(𝑘,𝑙)

)
(𝑖, 𝑗) �𝐾 (𝑘,𝑙)

)
exist. As we showed

before, it follows that themorphisms𝛼 ∈Mor
( ∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) ,
∐
𝑖∈𝐼
𝐴𝑖

)
and 𝛽 ∈Mor

( ∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) ,
∐
𝑖∈𝐼
𝐴𝑖

)
, induced
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by the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗), also exist and that 𝛼 ◦ 𝛼(𝑖, 𝑗) = 𝛼 𝑗 ◦ 𝜙𝑖𝑗 and 𝛽 ◦ 𝛼(𝑖, 𝑗) = 𝛼𝑖 for all
(𝑖, 𝑗) ∈ 𝐾 = {(𝑖, 𝑗) ∈ 𝐼 × 𝐼 : 𝑖 � 𝑗}.
By the assumption the coequalizer of 𝛼 and 𝛽 exists. Let (𝑍, 𝑒) be the coequalizer of the morphisms 𝛼

and 𝛽. Then 𝑒 ◦𝛼 = 𝑒 ◦ 𝛽. Define morphisms 𝑝𝑖 := 𝑒 ◦𝛼𝑖 for each 𝑖 ∈ 𝐼. Then 𝑝𝑖 ∈Mor(𝐴𝑖 , 𝑍) for each 𝑖 ∈ 𝐼
and we obtain the following commutative diagram

𝐴𝑖 = 𝐴(𝑖, 𝑗)

𝑍
∐
𝑖∈𝐼
𝐴𝑖

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗)

𝐴 𝑗 𝐴𝑖 = 𝐴(𝑖, 𝑗)

𝛼𝑖 𝛼(𝑖, 𝑗)

𝑒
𝛼

𝛽

𝑝 𝑗 𝛼𝑗

𝜙𝑖
𝑗

𝛼(𝑖, 𝑗)𝛼𝑗◦𝜙𝑖𝑗

for each (𝑖, 𝑗) ∈ 𝐾 .
Let us show that (𝑍, (𝑝𝑖)𝑖∈𝐼 ) is the colimit of the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗). For it, take any

(𝑖, 𝑗) ∈ 𝐾 . Then
𝑝𝑖 = 𝑒 ◦𝛼𝑖 = 𝑒 ◦ (𝛽 ◦𝛼(𝑖, 𝑗) ) = (𝑒 ◦ 𝛽) ◦𝛼(𝑖, 𝑗) = (𝑒 ◦𝛼) ◦𝛼(𝑖, 𝑗)

= 𝑒 ◦ (𝛼 ◦𝛼(𝑖, 𝑗) ) = 𝑒 ◦ (𝛼 𝑗 ◦𝜙𝑖𝑗) = (𝑒 ◦𝛼 𝑗) ◦𝜙𝑖𝑗 = 𝑝 𝑗 ◦𝜙𝑖𝑗 .

Hence, the condition (i) of the definition of the colimit is fulfilled.
Suppose that there exists 𝑄 ∈ Ob(C) and morphisms (𝑞𝑖 : 𝐴𝑖 → 𝑄)𝑖∈𝐼 , which satisfy 𝑞 𝑗 ◦ 𝜙𝑖𝑗 = 𝑞𝑖

whenever 𝑖 � 𝑗 . As
(∐
𝑖∈𝐼
𝐴𝑖 , (𝛼𝑖)𝑖∈𝐼

)
is the coproduct of the family ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗), then there exists a map

𝑞 ∈Mor
(∐
𝑖∈𝐼
𝐴𝑖 ,𝑄

)
such that 𝑞𝑖 = 𝑞 ◦𝛼𝑖 for each 𝑖 ∈ 𝐼. Hence, we obtain the following commutative diagram

𝑄 𝐴𝑖 = 𝐴(𝑖, 𝑗)

∐
𝑖∈𝐼
𝐴𝑖

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗)

𝛼𝑖 𝛼(𝑖, 𝑗)

𝑞𝑖

𝑞

𝛼

𝛽

for each (𝑖, 𝑗) ∈ 𝐾 .
Notice that

(𝑞 ◦ 𝛽) ◦𝛼(𝑖, 𝑗) = 𝑞 ◦ (𝛽 ◦𝛼(𝑖, 𝑗) ) = 𝑞 ◦𝛼𝑖 = 𝑞𝑖 = 𝑞 𝑗 ◦𝜙𝑖𝑗

= (𝑞 ◦𝛼 𝑗) ◦𝜙𝑖𝑗 = 𝑞 ◦ (𝛼 𝑗 ◦𝜙𝑖𝑗) = 𝑞 ◦ (𝛼 ◦𝛼(𝑖, 𝑗) ) = (𝑞 ◦𝛼) ◦𝛼(𝑖, 𝑗)

for each (𝑖, 𝑗) ∈ 𝐾 .
Hence, we obtain a commutative diagram of the form

𝑄 𝐴𝑖 = 𝐴(𝑖, 𝑗)

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗)

𝑞𝑖

𝛼(𝑖, 𝑗)
𝑞◦𝛼

𝑞◦𝛽
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for each (𝑖, 𝑗) ∈ 𝐾 . Now we are in the situation of Lemma 1, taking 𝐶𝑖 = 𝐴𝑖 = 𝐴(𝑖, 𝑗) , 𝑃 =
∐

(𝑖, 𝑗) ∈𝐾
𝐴(𝑖, 𝑗) ,

𝑋 = 𝑄,𝛿𝑖 = 𝑞𝑖 , 𝛾𝑖 = 𝛼(𝑖, 𝑗) , 𝑓 = 𝑞 ◦𝛼 and 𝑔 = 𝑞 ◦ 𝛽 for each (𝑖, 𝑗) ∈ 𝐾 . Therefore, by Lemma 1, we have
𝑞 ◦𝛼 = 𝑞 ◦ 𝛽.
This means that we get a diagram of the form

𝑄

𝑍
∐
𝑖∈𝐼
𝐴𝑖

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗)𝑒

𝑞

𝛼

𝛽
.

As (𝑍, 𝑒) is the coequalizer of 𝛼 and 𝛽, then there exists a unique morphism 𝑚 ∈ Mor(𝑍,𝑄) such that
𝑚 ◦ 𝑒 = 𝑞. Notice that then we also have

𝑚 ◦ 𝑝𝑖 = 𝑚 ◦ (𝑒 ◦𝛼𝑖) = (𝑚 ◦ 𝑒) ◦𝛼𝑖 = 𝑞 ◦𝛼𝑖 = 𝑞𝑖

for each 𝑖 ∈ 𝐼.
Suppose that there exists a morphism 𝑚 ∈ Mor(𝑍,𝑄) such that 𝑚 ◦ 𝑝𝑖 = 𝑞𝑖 for each 𝑖 ∈ 𝐼. Then

(𝑚 ◦ 𝑒) ◦𝛼𝑖 = 𝑞 ◦𝛼𝑖 = 𝑞𝑖 = 𝑚 ◦ 𝑝𝑖 = 𝑚 ◦ (𝑒 ◦𝛼𝑖) = (𝑚 ◦ 𝑒) ◦𝛼𝑖

for each 𝑖 ∈ 𝐼. Hence, we obtain the following two commutative diagrams for each 𝑖 ∈ 𝐼:

𝑄 𝐴𝑖 𝑄

∐
𝑖∈𝐼
𝐴𝑖 𝑍

∐
𝑖∈𝐼
𝐴𝑖

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗)

𝑞𝑖

𝛼𝑖
𝑚◦𝑒

𝑚◦𝑒

𝑒

𝑚◦𝑒=𝑚◦𝑒

𝛼

𝛽

.

Using Lemma 1 with 𝑋 = 𝑄,𝐶𝑖 = 𝐴𝑖 , 𝑃 =
∐
𝑖∈𝐼
𝐴𝑖 , 𝛿𝑖 = 𝑞𝑖 , 𝛾𝑖 = 𝛼𝑖 , 𝑓 = 𝑚 ◦ 𝑒 and 𝑔 = 𝑚 ◦ 𝑒, we obtain that

𝑚 ◦ 𝑒 = 𝑚 ◦ 𝑒 in the second diagram.
Using Lemma 2 with 𝐴 =

∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) , 𝐵 =
∐
𝑖∈𝐼
𝐴𝑖 , 𝑋 = 𝑄, 𝑝 = 𝑚 ◦ 𝑒 = 𝑚 ◦ 𝑒, 𝑓 = 𝑚 and 𝑔 = 𝑚, we obtain

that 𝑚 = 𝑚.
Hence, 𝑚 ∈ Mor(𝑍,𝑄) is the unique morphism with 𝑚 ◦ 𝑒 = 𝑞 and the last condition of the colimit is

also fulfilled.
With that we have shown that the colimit of the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) exists and is of the form

(𝑍, (𝑝𝑖)𝑖∈𝐼 ). �

4. PRELIMINARY RESULTS KNOWN FOR THE CATEGORY SEG OF SEGAL TOPOLOG-
ICAL ALGEBRAS

In this paper, a topological algebra (𝐴,𝜏𝐴) is a topological linear space (𝐴,𝜏𝐴) over the field K of real
or complex numbers, in which a separately continuous associative multiplication is defined. Hence, 𝐴
is an algebra, 𝜏𝐴 is a topology on 𝐴, the addition and multiplication by scalars are continuous and the
multiplication is separately continuous in the topology 𝜏𝐴. Notice that we do not demand that the algebra 𝐴
should be unital.
Let us recall the notions introduced in [1].
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A topological algebra (𝐴,𝜏𝐴) is a left (right or two-sided) Segal topological algebra in a topological
algebra (𝐵,𝜏𝐵) via an algebra homomorphism 𝑓 : 𝐴→ 𝐵, if
1) cl𝐵 ( 𝑓 (𝐴)) = 𝐵;
2) 𝜏𝐴 ⊇ { 𝑓 −1(𝑈) :𝑈 ∈ 𝜏𝐵}, i.e., 𝑓 is continuous;
3) 𝑓 (𝐴) is a left (respectively, right or two-sided) ideal of 𝐵.
In what follows, a left (right or two-sided) Segal topological algebra will be denoted shortly by a triple

(𝐴, 𝑓 , 𝐵). The reader might think of either left, right or two-sided Segal topological algebras, depending
on which “sideness” is more familiar. Everything will actually work similarily in all of those three cases.
Therefore, we will omit the words indicating “sideness” and will only use the phrase “Segal topological
algebras”. Only in cases where the sideness is more important, we will write “left (right or two-sided) Segal
topological algebras” explicitly in the text.
Let us recall the definition of the category Seg of Segal topological algebras, introduced in [2]. The

objects of the categorySeg are all Segal topological algebras, i.e., all triples in the form (𝐴, 𝑓 , 𝐵), (𝐶,𝑔,𝐷), ....
The morphisms between Segal topological algebras (𝐴, 𝑓 , 𝐵) and (𝐶,𝑔,𝐷) are all ordered pairs (𝛼, 𝛽) of
continuous algebra homomorphisms 𝛼 : 𝐴→𝐶, 𝛽 : 𝐵→ 𝐷, satisfying (𝑔◦𝛼) (𝑎) = (𝛽◦ 𝑓 ) (𝑎) for each 𝑎 ∈ 𝐴,
i.e., making the diagram

𝐴 𝐵

𝐶 𝐷

𝑓

𝛼 𝛽

𝑔

commutative.
In [5] (Theorem 1, p. 231) we found some sufficient conditions for the existence of the coproduct of a

family of Segal topological algebras in the category Seg. For that we needed the notion of a tensor algebra,
which we will introduce shortly below.
For a set Λ and a collection (𝐴𝜆)𝜆∈Λ of algebras, their tensor algebra is an algebra

𝑇 =

(⊕
𝜆∈Λ

𝐴𝜆

)
⊕
( ⊕
𝜆,𝜇∈Λ

(𝐴𝜆 ⊗ 𝐴𝜇)
)
⊕
( ⊕
𝜆,𝜇,𝜈∈Λ

(𝐴𝜆 ⊗ 𝐴𝜇 ⊗ 𝐴𝜈)
)
⊕ . . .

and every element 𝑡 ∈ 𝑇 is in the form

𝑡 =

𝑘⊕
𝑙=1

( 𝑝𝑙⊕
𝑚=1

(𝑟𝑚,𝑙∑︁
𝑞=1

𝑡𝑞,𝑚,1 ⊗ . . .⊗ 𝑡𝑞,𝑚,𝑖𝑙
))

for some 𝑘, 𝑝𝑙, 𝑟𝑚,𝑙 ∈ Z+ and 𝑡𝑞,𝑚,1, . . . , 𝑡𝑞,𝑚,𝑖𝑙 ∈
⋃
𝜆∈Λ 𝐴𝜆.

In [3], pp. 203–205, we defined the algebraic operations in 𝑇 as follows. If 𝜌 ∈ K,

𝑡 =

𝑘𝑡⊕
𝑙=1

( 𝑝𝑙⊕
𝑚=1

(𝑟𝑚,𝑙∑︁
𝑞=1

𝑡𝑞,𝑚,1 ⊗ . . .⊗ 𝑡𝑞,𝑚,𝑖𝑙
))

∈ 𝑇

and

𝑠 =

𝑘𝑠⊕
𝑓 =1

( 𝑢 𝑓⊕
𝑔=1

(𝑣𝑔, 𝑓∑︁
ℎ=1

𝑠ℎ,𝑔,1 ⊗ . . .⊗ 𝑠ℎ,𝑔, 𝑗 𝑓
))

∈ 𝑇,

then

𝜌𝑡 =

𝑘𝑡⊕
𝑙=1

( 𝑝𝑙⊕
𝑚=1

(𝑟𝑚,𝑙∑︁
𝑞=1

(𝜌𝑡𝑞,𝑚,1) ⊗ . . .⊗ 𝑡𝑞,𝑚,𝑖𝑙
))
,
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𝑡 + 𝑠 =
𝑘𝑡+𝑘𝑠⊕
𝑙=1

( 𝑤𝑙⊕
𝑚=1

(𝑥𝑚,𝑙∑︁
𝑞=1

𝑧𝑞,𝑚,1 ⊗ . . .⊗ 𝑧𝑞,𝑚,𝐿𝑙
))
,

where

𝐿𝑙 =

{
𝑖𝑙, if 1 6 𝑙 6 𝑘𝑡
𝑗𝑙−𝑘𝑡 , if 𝑘𝑡 < 𝑙 6 𝑘𝑡 + 𝑘𝑠

, 𝑤𝑙 =

{
𝑝𝑙, if 1 6 𝑙 6 𝑘𝑡
𝑢𝑙−𝑘𝑡 , if 𝑘𝑡 < 𝑙 6 𝑘𝑡 + 𝑘𝑠

, (1)

𝑥𝑚,𝑙 =

{
𝑟𝑚,𝑙, if 1 6 𝑙 6 𝑘𝑡
𝑣𝑚,𝑙−𝑘𝑡 , if 𝑘𝑡 < 𝑙 6 𝑘𝑡 + 𝑘𝑠

and 𝑧𝑞,𝑚,𝑑 =

{
𝑡𝑞,𝑚,𝑑 , if 1 6 𝑙 6 𝑘𝑡
𝑠𝑞,𝑚,𝑑 , if 𝑘𝑡 < 𝑙 6 𝑘𝑡 + 𝑘𝑠

. (2)

The multiplication of elements had to satisfy the rule

𝑡 · 𝑠 =
𝑘𝑡 𝑘𝑠⊕
𝜖=1

𝑝𝑋1𝑢𝑋2⊕
𝛿=1

𝑟𝑋3 ,𝑋1 𝑣𝑋4 ,𝑋2∑︁
𝑦=1

( 𝑖𝑋1⊗
𝑢=1

𝑡𝑋5,𝑋3,𝑢 ⊗
𝑗𝑋2⊗
𝑑=1

𝑠𝑋6,𝑋4,𝑑

)
,

where
𝑋1 =

⌊
𝜖 −1
𝑘𝑠

⌋
+1, 𝑋2 = 𝜖 − 𝑋1𝑘𝑠 = 𝜖 −

⌊
𝜖 −1
𝑘𝑠

⌋
𝑘𝑠,

𝑋3 =

⌊
𝛿−1
𝑝𝑋1

⌋
+1 =


𝛿−1

𝑝 ⌊ 𝜖−1
𝑘𝑠

⌋
+1

 +1, 𝑋4 = 𝛿− 𝑋3𝑝𝑋1 = 𝛿−

𝛿−1

𝑝 ⌊ 𝜖−1
𝑘𝑠

⌋
+1

 𝑝 ⌊ 𝜖−1𝑘𝑠 ⌋
+1,

𝑋5 =

⌊
𝑦−1
𝑣𝑋4,𝑋2

⌋
+1 =


𝑦−1

𝑣

𝛿−
 𝛿−1
𝑝⌊ 𝜖−1
𝑘𝑠

⌋
+1

 𝑝⌊ 𝜖−1𝑘𝑠 ⌋
+1, 𝜖−

⌊
𝜖−1
𝑘𝑠

⌋
𝑘𝑠


+1

and
𝑋6 = 𝑦− (𝑋5−1)𝑣𝑋4,𝑋2 = 𝑦−

⌊
𝑦−1
𝑣𝑋4,𝑋2

⌋
+1

= 𝑦−


𝑦−1

𝑣

𝛿−
 𝛿−1
𝑝⌊ 𝜖−1
𝑘𝑠

⌋
+1

 𝑝⌊ 𝜖−1𝑘𝑠 ⌋
+1, 𝜖−

⌊
𝜖−1
𝑘𝑠

⌋
𝑘𝑠


𝑣

𝛿−
 𝛿−1
𝑝⌊ 𝜖−1
𝑘𝑠

⌋
+1

 𝑝⌊ 𝜖−1𝑘𝑠 ⌋
+1, 𝜖−

⌊
𝜖−1
𝑘𝑠

⌋
𝑘𝑠

.

Take any family (𝐴𝜆, 𝑓𝜆, 𝐵𝜆)𝜆∈Λ of Segal topological algebras in the category Seg. Define a map
ℎ̃𝑇 : ∪

𝜆∈Λ
𝐴𝜆 → ∪

𝜆∈Λ
𝐵𝜆 by ℎ̃𝑇 (𝑎) = 𝑓𝜆𝑎 (𝑎). Next, define a map ℎ𝑇 : 𝑇 → 𝑆 by setting

ℎ𝑇 (𝑡) =
𝑘⊕
𝑙=1

𝑝𝑙⊕
𝑚=1

𝑟𝑚,𝑙∑︁
𝑞=1

ℎ̃𝑇 (𝑡𝑞,𝑚,1) ⊗ · · · ⊗ ℎ̃𝑇 (𝑡𝑞,𝑚,𝑖𝑙 )

for every element

𝑡 =

𝑘⊕
𝑙=1

( 𝑝𝑙⊕
𝑚=1

(𝑟𝑚,𝑙∑︁
𝑞=1

𝑡𝑞,𝑚,1 ⊗ . . .⊗ 𝑡𝑞,𝑚,𝑖𝑙
))

of 𝑇 . In [5] we showed that the map ℎ𝑇 is an algebra homomorphism. In what follows, the map ℎ𝑇 will be
called the tensor map for Segal topological algebras (𝐴𝜆, 𝑓𝜆, 𝐵𝜆)𝜆∈Λ.



M. Abel: Colimits in Seg 263

Let us recall some notions from the category theory for the category Seg of Segal topological algebras.
Let (𝐴, 𝑓 , 𝐵) and (𝐶,𝑔,𝐷) be objects of the category Seg. The coequalizer of morphisms

(𝛼1, 𝛽1), (𝛼2, 𝛽2 ∈ Mor((𝐴, 𝑓 , 𝐵), (𝐶,𝑔,𝐷)) is a pair ((𝑄, 𝑘, 𝑅); (𝜆, 𝜇)) such that
1) (𝑄, 𝑘, 𝑅) ∈ Ob(Seg) and (𝜆, 𝜇) ∈ Mor((𝐶,𝑔,𝐷), (𝑄, 𝑘, 𝑅)) with 𝜆 ◦𝛼1 = 𝜆 ◦𝛼2 and 𝜇 ◦ 𝛽1 = 𝜇 ◦ 𝛽2;
2) for any pair ((𝑆, 𝑙,𝑇); (𝜈, 𝜌)) with (𝑆, 𝑙,𝑇) ∈ Ob(Seg) and (𝜈, 𝜌) ∈ Mor((𝐶,𝑔,𝐷), (𝑆, 𝑙,𝑇)) with

𝜈 ◦𝛼1 = 𝜈 ◦𝛼2 and 𝜌 ◦ 𝛽1 = 𝜌 ◦ 𝛽2, there exists a unique (𝜎,𝜏) ∈ Mor((𝑄, 𝑘, 𝑅), (𝑆, 𝑙,𝑇)) with 𝜈 = 𝜎 ◦𝜆 and
𝜌 = 𝜏 ◦ 𝜇:

𝐴 𝐵

𝐶 𝐷

𝑄 𝑅

𝑆 𝑇

𝑓

𝛼1 𝛼2 𝛽1 𝛽2

𝑔

𝜆

𝜈

𝜇

𝜌𝑘

𝜎 𝜏

𝑙

.

The coproduct of the family (𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖)𝑖∈𝐼 of Segal topological algebras in the category Seg is an ordered
pair

(
(∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖), ((𝛼 𝑗 , 𝛽 𝑗)) 𝑗∈𝐼

)
, consisting of a Segal topological algebra

(∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

)
and a family(

(𝛼 𝑗 , 𝛽 𝑗) : (𝐴 𝑗 , 𝑓 𝑗 , 𝐵 𝑗) →
(∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

))
𝑗∈𝐼
of morphisms in Seg such that for any object (𝐶,𝑔,𝐷) of

Seg and every family
((𝛾 𝑗 , 𝛿 𝑗) : (𝐴 𝑗 , 𝑓 𝑗 , 𝐵 𝑗) → (𝐶,𝑔,𝐷)) 𝑗∈𝐼

of morphisms in Seg, there exists a unique morphism

(𝜃,𝜔) :
(∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

)
→ (𝐶,𝑔,𝐷)

in Seg such that the diagram

𝐷 𝐵𝜈

∐
𝑖∈𝐼
𝐵𝑖 𝐵 𝑗

∐
𝑖∈𝐼
𝐴𝑖 𝐴 𝑗 . . . . . .

𝐶 𝐴𝑘

𝛿𝑘

𝛽𝑘𝜔

𝛽 𝑗

𝛿 𝑗

ℎ

𝜃

𝛼𝑗

𝛾 𝑗

𝑓𝑗𝑔

𝛾𝑘

𝑓𝑘

𝛼𝑘

commutes.
Now, we are ready to formulate the definitions of the direct system and the colimit in the context of the

category Seg.
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Definition 1. Given a partially ordered set (𝐼,�), a direct system in Seg is an ordered pair
(((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 , 𝜓

𝑗

𝑘
) 𝑗�𝑘), where ((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 is an indexed family of objects of Seg and

(𝜙 𝑗
𝑘
: 𝐴 𝑗 → 𝐴𝑘) 𝑗�𝑘 , (𝜓 𝑗𝑘 : 𝐵 𝑗 → 𝐵𝑘) 𝑗�𝑘 are indexed families of morphisms in Seg such that 𝜙 𝑗

𝑗
= 1𝐴 𝑗 ,𝜓

𝑗

𝑗
= 1𝐵 𝑗

for each 𝑗 ∈ 𝐼 and 𝜙𝑖
𝑘
= 𝜙

𝑗

𝑘
◦ 𝜙𝑖

𝑗
,𝜓𝑖
𝑘
= 𝜓

𝑗

𝑘
◦𝜓𝑖

𝑗
for each 𝑖, 𝑗 , 𝑘 ∈ 𝐼 with 𝑖 � 𝑗 � 𝑘 . The last condition means

that the diagram
𝐵𝑖

𝐴𝑖

𝐵𝑘 𝐴𝑘

𝐴 𝑗

𝐵 𝑗

𝜓𝑖
𝑗

𝜓𝑖
𝑗

𝑓𝑖

𝜙𝑖
𝑗

𝜙𝑖
𝑘𝑓𝑘

𝑓𝑗

𝜙
𝑗

𝑘

𝜓
𝑗

𝑘

commutes.

Definition 2. The colimit of a direct system (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓
𝑗

𝑘
) 𝑗�𝑘) in Seg is the pair

((𝐴,𝑔, 𝐵); (𝜖𝑖 ,𝜔𝑖)𝑖∈𝐼 ), where (𝐴,𝑔, 𝐵) ∈ Ob(Seg) and ((𝜖𝑖 ,𝜔𝑖) ∈ Mor((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖), (𝐴,𝑔, 𝐵)))𝑖∈𝐼 is a
collection of morphisms in Seg such that
(i) (𝜖 𝑗 ,𝜔 𝑗) ◦ (𝜙𝑖𝑗 ,𝜓𝑖𝑗) = (𝜖𝑖 ,𝜔𝑖) whenever 𝑖 � 𝑗;
(ii) for each (𝐶, ℎ,𝐷) ∈ Ob(Seg) and ((𝜉𝑖 , 𝜒𝑖) ∈ Mor((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖), (𝐶, ℎ,𝐷))𝑖∈𝐼 , which

satisfy (𝜉 𝑗 , 𝜒 𝑗) ◦ (𝜙𝑖
𝑗
,𝜓𝑖

𝑗
) = (𝜉𝑖 , 𝜒𝑖) whenever 𝑖 � 𝑗 , there exists a unique morphism

(𝜃,𝜂) : (𝐴,𝑔, 𝐵) → (𝐶, ℎ,𝐷), making the diagram

𝐴 𝑄

𝐴𝑖 𝐴 𝑗

𝐵𝑖 𝐵 𝑗

𝐵 𝐷

𝜃

𝑔 ℎ

𝜖𝑖

𝜉𝑖

𝑓𝑖

𝜙𝑖
𝑗

𝜖 𝑗

𝜉 𝑗

𝑓𝑗

𝜔𝑖
𝜒𝑖

𝜓𝑖
𝑗

𝜔 𝑗

𝜒𝑗

𝜂

commutative.

In [4] we proved the following theorem (see [4], Theorem 1, p. 157).

Theorem 2. Let (𝐴, 𝑓 , 𝐵), (𝐶,𝑔, 𝐵) ∈ Ob(Seg) and (𝛼1, 𝛽1), (𝛼2, 𝛽2) ∈ Mor((𝐴, 𝑓 , 𝐵), (𝐶,𝑔,𝐷)). Let 𝐼 be
the smallest two-sided ideal of 𝐶, generated by the set 𝑀 = {𝛼1(𝑎) −𝛼2(𝑎) : 𝑎 ∈ 𝐴}, and 𝐽 be the smallest
two-sided ideal of 𝐷, generated by the set 𝑁 = {𝛽1(𝑏) − 𝛽2(𝑏) : 𝑏 ∈ 𝐵}. Then the coequalizer of morphisms
(𝛼1, 𝛽1), (𝛼2, 𝛽2) always exists and is the pair ((𝐶/𝐼, 𝑔̃, 𝐷/𝐽); (𝑝, 𝑞)), where 𝑝 : 𝐶→ 𝐶/𝐼,
𝑞 : 𝐷→ 𝐷/𝐽 are the canonical projections, 𝐶/𝐼, 𝐷/𝐽 are equipped with the quotient topologies
𝜏𝐶/𝐼 = {𝑉 ⊆ 𝐶/𝐼 : 𝑝−1(𝑉) ∈ 𝜏𝐶}, 𝜏𝐷/𝐽 = {𝑊 ⊆ 𝐷/𝐽 : 𝑞−1(𝑊) ∈ 𝜏𝐷}, respectively, and 𝑔̃ : 𝐶/𝐼 → 𝐷/𝐽 is
defined by 𝑔̃( [𝑐]) = [𝑔(𝑐)] = 𝑞(𝑔(𝑐)) for each [𝑐] ∈ 𝐶/𝐼.
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In [5] we proved the following theorem (see [5], Theorem 1, p. 231), which we present here in a slightly
modified form.

Theorem 3. Let 𝐼 be any set, (𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖)𝑖∈𝐼 be a family of left (right or two-sided) Segal topological algebras,
𝑇 the tensor algebra of algebras (𝐴𝑖)𝑖∈𝐼 , 𝑆 the tensor algebra of algebras (𝐵𝑖)𝑖∈𝐼 , 𝐽 and 𝐿 two-sided ideals
of 𝑇 and 𝑆, generated by the sets

{𝑥 ⊗ 𝑦− 𝑥𝑦 : 𝑥, 𝑦 ∈ 𝐴𝑖 , 𝑖 ∈ 𝐼} and {𝑧 ⊗𝑤− 𝑧𝑤 : 𝑧,𝑤 ∈ 𝐵𝑖 , 𝑖 ∈ 𝐼},

respectively, and ℎ𝑇 : 𝑇 → 𝑆 the tensor map for Segal topological algebras (𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖)𝑖∈𝐼 . If
𝑆 ·ℎ𝑇 (𝑇) ⊆ ℎ𝑇 (𝑇) (respectively, ℎ𝑇 (𝑇) ·𝑆 ⊆ ℎ𝑇 (𝑇) or 𝑆 ·ℎ𝑇 (𝑇) ·𝑆 ⊆ ℎ𝑇 (𝑇)), then the coproduct of the family
(𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖)𝑖∈𝐼 exists and is of the form

((∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

)
, ((𝛼 𝑗 , 𝛽 𝑗)) 𝑗∈𝐼

)
, where

∐
𝑖∈𝐼
𝐴𝑖 = 𝑇/𝐽,

∐
𝑖∈𝐼
𝐵𝑖 = 𝑆/𝐿,

𝛼 𝑗 = 𝜅𝐽 ◦𝜆 𝑗 , 𝛽 𝑗 = 𝜅𝐿 ◦ 𝜇 𝑗 and 𝜆 𝑗 : 𝐴 𝑗 → 𝑇, 𝜇 𝑗 : 𝐵 𝑗 → 𝑆 are the inclusion maps for each 𝑗 ∈ 𝐼.

5. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF THE COLIMIT OF A DIRECT
SYSTEM OF SEGAL TOPOLOGICAL ALGEBRAS

Let (𝐼,�) be a partially ordered set. Take any direct system (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓
𝑗

𝑘
) 𝑗�𝑘) in Seg. Set

𝐾 = {(𝑖, 𝑗) ∈ 𝐼 × 𝐼 : 𝑖 � 𝑗} and let
(
((𝐴(𝑖, 𝑗) , 𝑓(𝑖, 𝑗) , 𝐵 (𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 ,

(
𝜙
(𝑖, 𝑗)
(𝑘,𝑙) ,𝜓

(𝑖, 𝑗)
(𝑘,𝑙)

)
(𝑖, 𝑗) �𝐾 (𝑘,𝑙)

)
be the direct

system of the domains of the direct system (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓
𝑗

𝑘
) 𝑗�𝑘). Then, for each (𝑖, 𝑗) ∈ 𝐾 ,

we have 𝐴(𝑖, 𝑗) = 𝐴𝑖 , 𝐵 (𝑖, 𝑗) = 𝐵𝑖 , 𝑓(𝑖, 𝑗) = 𝑓𝑖 . From Section 2 we know that whenever the coproducts((∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

)
, ((𝛾𝑖 , 𝛿𝑖))𝑖∈𝐼

)
and

(( ∐
(𝑖, 𝑗) ∈𝐾

𝐴(𝑖, 𝑗) , ℎ̃,
∐

(𝑖, 𝑗) ∈𝐾
𝐵 (𝑖, 𝑗)

)
, ((𝛾(𝑖, 𝑗) , 𝛿 (𝑖, 𝑗) )) (𝑖, 𝑗) ∈𝐾

)
exist in Seg,

then there exist also the morphisms

(𝛼1, 𝛽1), (𝛼2, 𝛽2) ∈ Mor
(( ∐

(𝑖, 𝑗) ∈𝐾
𝐴(𝑖, 𝑗) , ℎ̃,

∐
(𝑖, 𝑗) ∈𝐾

𝐵 (𝑖, 𝑗)
)
,

(∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

))
,

induced by the direct system (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓
𝑗

𝑘
) 𝑗�𝑘).

Now we are ready to state and prove the main result of this paper.

Theorem 4. Let (𝐼,�) be a partially ordered set, (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓
𝑗

𝑘
) 𝑗�𝑘) a direct system of left (right

or two-sided) Segal topological algebras in Seg, 𝐾 = {(𝑖, 𝑗) ∈ 𝐼 × 𝐼 : 𝑖 � 𝑗} and(
((𝐴(𝑖, 𝑗) , 𝑓(𝑖, 𝑗) , 𝐵 (𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 , (𝜙 (𝑖, 𝑗)

(𝑘,𝑙) ,𝜓
(𝑖, 𝑗)
(𝑘,𝑙) ) (𝑖, 𝑗) �𝐾 (𝑘,𝑙)

)
the direct system of the domains of the direct system (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓

𝑗

𝑘
) 𝑗�𝑘).

Let 𝑇 be the tensor algebra of the family (𝐴𝑖)𝑖∈𝐼 , 𝑆 the tensor algebra of the family (𝐵𝑖)𝑖∈𝐼 ,𝑊 the tensor
algebra of the family (𝐴(𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 and 𝑍 the tensor algebra of the family (𝐵 (𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 . Let 𝐽, 𝐿,𝑀 and
𝑁 the left (respectively, right or two-sided) ideals, generated, respectively, by the sets

{𝑥 ⊗ 𝑦− 𝑥𝑦 : 𝑥, 𝑦 ∈ 𝐴𝑖 , 𝑖 ∈ 𝐼}, {𝑧 ⊗𝑤− 𝑧𝑤 : 𝑧,𝑤 ∈ 𝐵𝑖 , 𝑖 ∈ 𝐼},

{𝑥 ⊗ 𝑦− 𝑥𝑦 : 𝑥, 𝑦 ∈ 𝐴(𝑖, 𝑗) , (𝑖, 𝑗) ∈ 𝐾}, {𝑧 ⊗𝑤− 𝑧𝑤 : 𝑧,𝑤 ∈ 𝐵 (𝑖, 𝑗) , (𝑖, 𝑗) ∈ 𝐾}.
Let ℎ𝑇 : 𝑇 → 𝑆 and ℎ𝑊 : 𝑊 → 𝑍 be the tensor maps for Segal topological algebras
(((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓

𝑗

𝑘
) 𝑗�𝑘) and

(
((𝐴(𝑖, 𝑗) , 𝑓(𝑖, 𝑗) , 𝐵 (𝑖, 𝑗) ) (𝑖, 𝑗) ∈𝐾 ,

(
𝜙
(𝑖, 𝑗)
(𝑘,𝑙) ,𝜓

(𝑖, 𝑗)
(𝑘,𝑙)

)
(𝑖, 𝑗) �𝐾 (𝑘,𝑙)

)
, respectively.

If 𝑆 · ℎ𝑇 (𝑇) ⊆ ℎ𝑇 (𝑇) and 𝑍 · ℎ𝑊 (𝑊) ⊆ ℎ𝑊 (𝑊) (respectively, ℎ𝑇 (𝑇) · 𝑆 ⊆ ℎ𝑇 (𝑇) and
ℎ𝑊 (𝑊) · 𝑍 ⊆ ℎ𝑊 (𝑊) or 𝑆 · ℎ𝑇 (𝑇) · 𝑆 ⊆ ℎ𝑇 (𝑇) and 𝑍 · ℎ𝑊 (𝑊) · 𝑍 ⊆ ℎ𝑊 (𝑊)), then the
colimit of the direct system (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓

𝑗

𝑘
) 𝑗�𝑘) exists.
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Proof. By Theorem 3, we know that the coproducts
((∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

)
, ((𝛾𝑖 , 𝛿𝑖))𝑖∈𝐼

)
and(( ∐

(𝑖, 𝑗) ∈𝐾
𝐴(𝑖, 𝑗) , ℎ̃,

∐
(𝑖, 𝑗) ∈𝐾

𝐵 (𝑖, 𝑗)
)
, ((𝛾(𝑖, 𝑗) , 𝛿 (𝑖, 𝑗) )) (𝑖, 𝑗) ∈𝐾

)
of the families ((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 and

((𝐴(𝑖, 𝑗) , 𝑓(𝑖, 𝑗) , 𝐵 (𝑖, 𝑗) )) (𝑖, 𝑗) ∈𝐾 , respectively, exist in Seg. Hence, we also obtain the morphisms

(𝛼1, 𝛽1), (𝛼2, 𝛽2) ∈ Mor
(( ∐

(𝑖, 𝑗) ∈𝐾
𝐴(𝑖, 𝑗) , ℎ̃,

∐
(𝑖, 𝑗) ∈𝐾

𝐵 (𝑖, 𝑗)
)
,

(∐
𝑖∈𝐼
𝐴𝑖 , ℎ,

∐
𝑖∈𝐼
𝐵𝑖

))
,

induced by the direct system (((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓
𝑗

𝑘
) 𝑗�𝑘). By Theorem 2, the coequalizer of the mor-

phisms (𝛼1, 𝛽1) and (𝛼2, 𝛽2) exists in Seg. Therefore, by Theorem 1, the colimit of the direct system
(((𝐴𝑖 , 𝑓𝑖 , 𝐵𝑖))𝑖∈𝐼 ; (𝜙 𝑗𝑘 ,𝜓

𝑗

𝑘
) 𝑗�𝑘) also exists. �

Open question. Let C be an arbitrary category and ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) be such a direct system in C, for
which the colimit exists in C. Is it true then that also the coproduct of the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗),
the coproduct of the direct system of the domains of ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗) and the coequalizer of the morphisms
𝛼 and 𝛽, induced by the direct system ((𝐴𝑖)𝑖∈𝐼 , (𝜙𝑖𝑗)𝑖� 𝑗), exist in C?

6. CONCLUSIONS

In this paper we found some sufficient conditions for the existence of the colimit of a direct system in an
arbitrary category and applied this result in order to find sufficient conditions for the existense of the colimit
of a direct system in the category Seg of Segal topological algebras. The publication costs of this article
were covered by the Estonian Academy of Sciences.
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