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1. INTRODUCTION AND MOTIVATION

It is a known result in the category theory that the category is cocomplete (i.e., all colimits exist) if and only
if all coequalizers and all coproducts exist in this category. Usually this result is not proved in the category
theory books. Instead, the authors prove a dual statement that the category is complete (i.e., all limits exist) if
and only if all equalizers and all products exist in this category. The proof of this result is usually given quite
schematically. If one takes a closer look at the proof of this result (or its dual result about limits, products
and equalizers), then one can detect that only two particular coproducts and only one particular coequalizer
is constructed in order to obtain the colimit of a particular direct system. Thus, in case one is interested in
the existence or the description of only one particular colimit, then one does not have to demand that the
category should be cocomplete. In this paper (see Theorem 1) we describe the sufficient conditions for the
existence of a colimit of a particular direct system in the category and apply the obtained result in order to
obtain some more complicated sufficient conditions for the existence of a colimit of a fixed direct system in
the category Seg of Segal topological algebras.

The motivation for proving the category-theoretical result originates from the study of the category Seg of
all Segal topological algebras (see below for the definition of a Segal topological algebra). For this category,
it is known that all coequalizers exist (see [4]) but for the existence of the coproduct of a family of Segal
topological algebras only sufficient conditions are known, which do not seem to guarantee the existence of
coproducts of all families of Segal topological algebras (see [5]). Hence, the best we can currently hope
to achieve in the case of the category Seg are the sufficient conditions for the existence of a colimit of a
particular direct system of Segal topological algebras.

One of the aims of this paper is also to provide very detailed proofs of the main results involved (Theorems
1 and 4).
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2. PRELIMINARY DEFINITIONS AND RESULTS

Let C be any category. Denote by Ob(C) the collection of all objects of C and by Mor(C) the collection of
all morphisms of C. For particular fixed objects A, B € Ob(C), denote by Mor(A, B) the collection of all

morphisms from A to B. As usual, we will denote the morphisms in the diagrams by arrows. Thus, A L B
will denote f € Mor(A, B) in the diagram.

Let (I,<) be a partially ordered set. This means that / is a set and < is a homogeneous, reflexive,
antisymmetric and transitive relation over /. Throughout the whole paper, we use [6] as the main source for
the definitions in the general category theory.

A direct system (indexed by a partially ordered set /) in the category C is an ordered pair ((A;);er, (¢j.) i<j)s
where the following three conditions are fulfilled:

1) A; € Ob(C) foralli € I and ¢;. € Mor(A;,Aj) forall i, j € I withi < j;

2) ¢§ is the identity morphism on A; for each i € I;

3) ¢{<o¢;:¢§< foralli,j, k € I withi <j < k.

Let (1, <) be a partially ordered set and consider the Cartesian product set

IxXI={(i,j):i,jel}.
On this set, we will consider the product (partial) order <p, defined by
(i,7) =p (k,l) ifandonly if i <k and j <[

It is easy to check that <p is a partial order on the Cartesian product I x I.
We will be using the subset K = {(i,j) € IXI:i < j} of the Cartesian product / X I. Considering the
restriction <g==<p|g of the product order on K, the set (K, <g) becomes also a partially ordered set.
Suppose that we have a direct system ((A;);es, (¢j.),~5j). For all (i,j), (k,l) € K with (i,)) < (k,I),
define A(; ;) = A; and ¢E;C’l)) = ¢};. Then we obtain another direct system ((A(i,j))(i,j) eK>» (¢E;<,l)) ) ) < (D) ),
indexed by the partially ordered set (K, <k ). Indeed:

1) Aq.j) = A € Ob(C) and ¢§§;{2) = ¢ € Mor(A ), Axp) for all (i, j), (k,1) € K with (i, ) <k (k,0);

2) ¢8j; = ¢3§ is the identity morphism on A; ; = A; for each (i, j) € K;
3) ¢Em,3,) o ¢8<,J1)> = ¢k ol = ¢, = ¢§;{;) for all (i, ), (k,1), (m,n) € K with (i,j) <g (k,1) <g (m,n).

In what follows, we will refer to the direct system ((A(i, )i, j)eK s (¢&Jl>)) by the name the

) (i,j)ﬁK(k,l))
direct system of the domains of the direct system ((A;);es, (qﬁ})iﬁ i)

Let I be any set. Recall that the coproduct of the family (A;);c; of objects of C is an ordered pair
(LIAl-, (a/i),-el), where [[A; € Ob(C) and «; € Mor(A,-, ]_IA,-) for each i € I such that for every X € Ob(C)

iel iel iel
and every family of morphisms (3; € Ob(A;,X));es, there exists a unique morphism 6 € Mor(HAi,X ),
iel

making the diagram

commutative for every i € I.
Take any A, B € Ob(C) and f, g € Mor(A, B). Recall that the coequalizer of the morphisms f and g is
the ordered pair (Z,e), where Z € Ob(C) and e € Mor(B, Z) are such that e f = eg and for each X € Ob(C)
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and p € Mor(B, X) with pf = pg, there exists a unique r € Mor(Z, X) such that p =r oe, i.e., the following

diagram is commutative:
A 3 B——7Z
|
|

N

Suppose that C is such a category that the coproducts (]_[Ai,(a/i),-e,) and ( ]_[ Ag. (@i j))a, J)eK)
iel (i,j)eK

of a direct system ((A;)ier, (¢;)i5 ;j) and its direct system of domains exist. Then we obtain the following
diagrams

r

\1,
X

LA <~ Adij) Ai = A )
iel (i, J)GK
o @)
ajoqbl Ta(i’j> / l .
AJ T A=A A < 1 Ay
Jj iel (i,j)eK

for all pairs (i,7) € K. As ( LI Aij.(@ij)ije K) is the coproduct, then there exists a unique morphism
(i,j)eK
a € Mor( [ Agj. ]_IAi) such that the first diagram becomes commutative. For similar reasons, there
(i.j)eK iel
exists a unique morphism 8 € Mor( I Ag, .1l Ai) such that the second diagram becomes commutative.
(i,j) €K iel

It is clear that if we have any direct system ((A;);er, (¢§.),-5 j) in category C, then we will automatically
obtain its direct system of domains. Moreover, if the coproducts of the direct system and its direct system of
domains exist, then we will automatically obtain morphisms @ and 8. Thus, whenever the coproducts of the
direct system and its direct system of domains exist, the morphisms @ and S are uniquelly determined by the
direct system ((A;);er, (¢‘ )i<j). Therefore, in order to shorten the text that will follow, we will call these
morphisms @ and S morphlsms induced by the direct system ((A;);cs, (¢ Di<j)-

In what follows, we will need two results, the duals of which could be found with proofs in the books on
the category theory. Since we need them in the “co”-situation and the books do not seem to have the proofs
for this case, we provide hereby those two results with their complete proofs.

Lemma 1. Let C be any category. If I is any set, (C;);e; is a family of objects of the category C, (P, (vi)ier)
is the coproduct of the family (C;)ic;, X € Ob(C) and f,g € Mor(P,X) such that f oy; = g oy; for each
i€l then f=g.

Proof. Denote 6; = f oy; = goy; for each i € I. Notice that then we will obtain a commutative diagram

for each i € I. By the definition of the coproduct, there exists a unique morphism 6 € Mor(P, X) such that
foy; =0; foreachi € I. As h and k satisfy the same condition, then we must have 7 =6 = k. O

Lemma 2. Let C be any category, A,B € Ob(C) and «, 3 € Mor(A, B). If (Z,e) is the coequalizer of the
morphisms a and 8, X € Ob(C) and f,g € Mor(Z, X) are such that foe=goe, then f =g.
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Proof. Denote p = f oe = goe. Notice that we will obtain a commutative diagram

A%BL)Z

Nl

X

As (Z,e) is the coequalizer of the morphisms « and 3, then e o @ = e o 8. But then also

poa=(foe)oa=foleoa)=fo(ecop)=(foe)oB=pop.

By the definition of the coequalizer, we know that in such a situation there exists exactly one morphism
r € Mor(Z,X) such that roe = p. As f and g satisfy the same condition, then we must have f =r=g. O

Let us conclude this section by recalling the definition of a colimit of a direct system.

The colimit of a direct system ((Ai)l-el;(qsi)jﬁk) in C is the pair (li_n)lAl-; (pi)ier), where li_n)lAl- is an
objectof Cand (p;: A; — li_n}Ai) jer is a collection of morphisms in C such that

(i) pj o ¢, = p; whenever i < j;

(ii) for every Q € Ob(C) and morphisms (g; : A; — Q);cs, which satisfy ¢g; o¢§. =¢g; whenever i < j,
there exists a unique morphism 8 : li_r)nA i — O, making the diagram

commutative.

3. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF THE COLIMIT OF A DIRECT
SYSTEM

Using the notation and lemmas from the previous section, we are ready to prove the following result.

Theorem 1. Let C be any category and ((Ai)iel,(qﬁ;)iﬁj) a direct system in the category C. If the
coproducts of the system ((A,-)ieI,(gb’j),-Sj) and the direct system of the domains of ((A;)ier, (¢lj)i5j) exist
and the coequalizer of the morphisms a and B, induced by the direct system ((A;)ier, (¢‘j)i5 ), exist in C,
then the colimit of the direct system ((A;)icr, (¢’J.),-5_,~) also exists.

Proof. Suppose that the coproducts (HAi,(Ch')ieI) and ( I Aqj)s (a(i,j))(i,j)eK) of the direct system
iel (i,j)eK

((A)ier, (¢§-)isj) and its direct system of domains ((A(i,j))(i,j) K> (¢E;<Jl)) ) o)< ()

before, it follows that the morphisms « € Mor( I Ag,j)s ]_[A,-) andB e Mor( [ Auj. HAi), induced
(i,j)eK i€l (i,j)eK iel

) exist. As we showed
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by the direct system ((A)ier, (¢)i<;), also exist and that @ o a(; j) = @; o ¢, and Boay j) = a; for all
(i,))e K={(i,j)eIxI:i<j}.

By the assumption the coequalizer of @ and S exists. Let (Z, e) be the coequalizer of the morphisms
and . Then ¢ o @ = e o 8. Define morphisms p; := ¢ oq; for eachi € I. Then p; € Mor(A;,Z) foreachi e/
and we obtain the following commutative diagram

A=A

i \Lﬂ(u)

Z (— HA A(,',j)

i (i,j)eK
\ Qjo¢l Ta(l—’j)

Aj (—A = A, ))

for each (i,j) € K.
Let us show that (Z, (p;)icr) is the colimit of the direct system ((A;)ier, ((/);.),-Sj). For it, take any
(i,j) € K. Then

pi=eoqa;=eo(foa ) =(eof)oag; =(eca)oa,j
=€°((¥°a(i,j))=€°(0/j°¢§~)=(€°aj)°¢j~ =Pj°¢§~-

Hence, the condition (i) of the definition of the colimit is fulfilled.
Suppose that there exists Q € Ob(C) and morphisms (g; : A; — Q);es, wWhich satisfy g o ¢3. =q;

wheneveri < j. As (I_I A;, (a/l-)l-e]) is the coproduct of the family ((A;);¢s, (¢§.),-5j), then there exists a map
iel

q€ Mor( LA, Q) such that g; = g o @; for each i € I. Hence, we obtain the following commutative diagram
iel

0 < @ Ai=Aq))
\ o \L‘Yu )
q 5 :
[1A; [ Aq,j
iel @ (i,j)eK

for each (i, j) € K.
Notice that

(goB)oaij=qo(Boag,)=qgoai=qi=q;o4}
=(goaj)od;=qo(a;od}) =qo(acag,) =(goa)oaq,)

for each (i, j) € K.
Hence, we obtain a commutative diagram of the form

qi

0 A=A,
qop
Qi j)
qO(l’
LI A(i,J)
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for each (i,j) € K. Now we are in the situation of Lemma 1, taking C; =A; = A ;), P= [l Aq ),
(i.j)eK
X=0,%i=qi,vi=«a(,j),f=qoa and g = gop for each (i,j) € K. Therefore, by Lemma 1, we have
qoa=qop.
This means that we get a diagram of the form

x
, .
Z4— A= 1 Aup

iel @ (i,j)eK

Q

As (Z,e) is the coequalizer of @ and g, then there exists a unique morphism m € Mor(Z,Q) such that
moe = q. Notice that then we also have

mop;=mo(eoq;)=(moe)oa;=qoa;=q;

foreachi e I.
Suppose that there exists a morphism 7 € Mor(Z,Q) such that mop; =¢; for each i € I. Then

(moe)oa;=qoa;=q; =Mop; =To(eoa) = (oe)oa;

for each i € I. Hence, we obtain the following two commutative diagrams for each i € I:

Q —— A 0
moe @ moe=moe
moe !
[1A z 14 §£ I A
. % . i
iel ¢ e ' Sa (i,j)eK (1)

Using Lemma 1 with X = Q,C; = A;,P=11A;,6; =qi,vi=a;,f =moe and g =moe, we obtain that
i€l
moe =moe in the second diagram.
Using Lemma 2 withA= [] A ;),B=[[Ai,X=0,p=moe=moe,f=mand g =m, we obtain
(i,j)eK iel
that m =m.
Hence, m € Mor(Z, Q) is the unique morphism with m o e = ¢ and the last condition of the colimit is
also fulfilled.

With that we have shown that the colimit of the direct system ((A;);es, (¢3~)i5 ;) exists and is of the form
(Z,(pi)ier)- m

4. PRELIMINARY RESULTS KNOWN FOR THE CATEGORY SEG OF SEGAL TOPOLOG-
ICAL ALGEBRAS

In this paper, a topological algebra (A, 74) is a topological linear space (A, 74) over the field K of real
or complex numbers, in which a separately continuous associative multiplication is defined. Hence, A
is an algebra, 74 is a topology on A, the addition and multiplication by scalars are continuous and the
multiplication is separately continuous in the topology 74. Notice that we do not demand that the algebra A
should be unital.

Let us recall the notions introduced in [1].
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A topological algebra (A,74) is a left (right or two-sided) Segal topological algebra in a topological
algebra (B, 7p) via an algebra homomorphism f : A — B, if

D clg(f(A)) = B;
2)ta 2 {f'(U) : U € 13}, i.e., f is continuous;
3) f(A) is a left (respectively, right or two-sided) ideal of B.

In what follows, a left (right or two-sided) Segal topological algebra will be denoted shortly by a triple
(A, f,B). The reader might think of either left, right or two-sided Segal topological algebras, depending
on which “sideness” is more familiar. Everything will actually work similarily in all of those three cases.
Therefore, we will omit the words indicating “sideness” and will only use the phrase “Segal topological
algebras”. Only in cases where the sideness is more important, we will write “left (right or two-sided) Segal
topological algebras” explicitly in the text.

Let us recall the definition of the category Seg of Segal topological algebras, introduced in [2]. The
objects of the category Seg are all Segal topological algebras, i.e., all triples in the form (A, f, B), (C, g, D), ....
The morphisms between Segal topological algebras (A, f,B) and (C,g,D) are all ordered pairs (a, ) of
continuous algebra homomorphisms @ : A — C,8: B — D, satisfying (goa)(a) = (Bo f)(a) foreacha € A,
i.e., making the diagram

A—LsB
\LQ \Lﬁ
c—L5Dp
commutative.
In [5] (Theorem 1, p. 231) we found some sufficient conditions for the existence of the coproduct of a
family of Segal topological algebras in the category Seg. For that we needed the notion of a tensor algebra,

which we will introduce shortly below.
For a set A and a collection (A ) ea of algebras, their tensor algebra is an algebra

T= (EBAA)EB(@ (AA®A#))®( @ (AA®A,1®AV))€9...

AEN A, HEN A, u,veA

and every element ¢ € T is in the form

[ Tm,l
(Z lgm1®...® tq,m,i,))
1

for some k, py, 7 € Z" and ty 1. tg.m,i; € Uren Aa
In [3], pp. 203-205, we defined the algebraic operations in 7 as follows. If p € K,

ke pL Tm,l
t:@(@(thm,l@...@tq,m,,,)) eT

=1 ‘m=1 \g=1

and
ks us Ve.f
s:@(@(Zsh,g,l®...®sh,g,jf))eT,
f=1\g=1 ‘h=l
then

k, D1 Ym,l
pt=@( ( (ptq,m,l)®---®tq,m,il)),

=1 ‘m=1 ‘g=1
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ki+ks , Wi Xm,l
-GBS comro- v

=1 ‘m=1 ‘g=1
where

L itt<i<n pi if1<I<k
= ° wp = . >
"Nk itk <i<ki+ky” ' uieg. ifks <1< ko +kg

Fots i1 <1<k tgma if1<1< ks
Xm,l =

. and 7y m,a =
Vindkys if ky <1< k;+ksg K

The multiplication of elements had to satisfy the rule

kekg PX UX, TX3,X] VX4, X, , IX) Jx,
fes= @ @ (®’X5,X3,u ® ®Sx6,x4,d),
e=1 ¢6=1 y=1 u=1 d=1
where
e—1 e—1
ks ' ks |
6-1 6-1 S5—1
AN N PN
le p{i;lJ+1 p{s]:le_Fl ks
_1 _1
X5 = { Y J+1 = 4 +1
VX4,X> v
and
y—1
X6:y_(X5_1)VX4,X2:y_ +1
VX4, X,
y—1

o-1

s

Plectfure[ e

1%
5— 5-1
[Wﬂh

Squmds ifk; <l <k +ks

(1

2

Take any family (A,,f1,Ba)aen of Segal topological algebras in the category Seg. Define a map

hr : /lUAA/l - /lUAB,l by hr(a) = fa,(a). Next, define a map hr : T — S by setting
€ €

pPr Tm,l

k
hr ()= EP D hr (tgm1) @@t (tgmi)

=1 m=1 g=1

for every element

k Pi Ym,1
= B(B(X & 210mi |
=1

m=1 ‘g=1

of T. In [5] we showed that the map A7 is an algebra homomorphism. In what follows, the map A7 will be

called the tensor map for Segal topological algebras (A, f1, B1)cA-
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Let us recall some notions from the category theory for the category Seg of Segal topological algebras.

Let (A,f,B) and (C,g,D) be objects of the category Seg. The coequalizer of morphisms
(a1,61), (a2,B2 € Mor((A, f,B),(C,g,D)) is a pair ((Q,k,R); (4, u)) such that

1) (Q,k,R) € Ob(Seg) and (4, u) € Mor((C,g,D),(Q,k,R)) with doa; =Aoaz and po By = prof;

2) for any pair ((S,1,T);(v,p)) with (S,I,T) € Ob(Seg) and (v,p) € Mor((C,g,D),(S,1,T)) with
voa) =voa; and p o = p o By, there exists a unique (o, 7) € Mor((Q,k,R),(S,[,T)) with v =0 oA and
p=Topu

A—L 5B

ol sl

c 23D

The coproduct of the family (A;, f;, B;);<; of Segal topological algebras in the category Seg is an ordered
pair (( L1 A:, h, 11 B:), ((ozj,ﬁj))je[), consisting of a Segal topological algebra (]_[ A h, 11 Bi) and a family
iel

i€l i€l i€l
((a/j,,Bj) (A}, fj,Bj) — (]_[Ai,h, ]_[Bi)) o of morphisms in Seg such that for any object (C,g,D) of
iel iel J€
Seg and every family

of morphisms in Seg, there exists a unique morphism
0.0 (] [k ] |B:) = (C.8.D)
i€l iel

in Seg such that the diagram

Ay

commutes.
Now, we are ready to formulate the definitions of the direct system and the colimit in the context of the
category Seg.



264 Proceedings of the Estonian Academy of Sciences, 2022, 71, 3, 255-266

Definition 1. Given a partially ordered set (I,<), a direct system in Seg is an ordered pair
(((Ai fi» Bi)ier (¢i,_¢i)jsk), where ((A;, fi, Bi))ier is an indexed family of objects of Seg and
(qﬁi CAj— A<k, (wi : B.j — By)j<k are indexed families of morphisms in Seg such that ¢j. = lAj,wj. =lp,
for each j € I and ¢§( = ¢‘,’{ o ¢’;.,gb}; = :,bi oyb’} foreachi,j, k€l withi<j<k. Thelastcondition means
that the diagram ‘ ‘

commutes.

Definition 2. The colimit of a direct system (((A;, fi,Bi))ier; (¢j,1,//£)‘,-5k) in Seg is the pair
((A,8,B); (€,wi)ier), where (A,g,B) € Ob(Seg) and ((€,w;) € Mor((A;, fi,B:),(A,g,B)))ier is a
collection of morphisms in Seg such that

() (€7.0)) 0 (#1,07) = (ei,w;) Whenever i < j;

(i) for each (C,h,D) € Ob(Seg) and ((&§i,xi) € Mor((A;,fi,Bi),(C,h,D))ier, which
satisfy (€, xj) © (qbé.,z,[zj.) = (&i,xi) whenever i < j, there exists a unique morphism
(8,nm): (A,g,B) — (C,h,D), making the diagram

commutative.
In [4] we proved the following theorem (see [4], Theorem 1, p. 157).

Theorem 2. Let (A, f,B),(C,g,B) € Ob(Seg) and («a1,81), (a2,B2) € Mor((A, f,B),(C,g,D)). Let I be
the smallest two-sided ideal of C, generated by the set M = {a1(a) —az(a) : a € A}, and J be the smallest
two-sided ideal of D, generated by the set N = {81(b) — B2(b) : b € B}. Then the coequalizer of morphisms
(a1, B1), (az, B2) always exists and is the pair ((C/1,g, D/J); (p,q)), where p:C — C/I,
q:D — D/J are the canonical projections, C/I, D/J are equipped with the quotient topologies
e ={VcC/I: p~ (V) e}, ™y ={WcD/J: g (W) € 1p}, respectively, and § : C/I — D/J is
defined by §([c]) = [g(c)] = q(g(c)) for each [c] € C/I.
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In [5] we proved the following theorem (see [5], Theorem 1, p. 231), which we present here in a slightly
modified form.

Theorem 3. Let I be any set, (A;, f;, Bi)icr be afamily of left (right or two-sided) Segal topological algebras,
T the tensor algebra of algebras (A;);ey, S the tensor algebra of algebras (B;)icr, J and L two-sided ideals
of T and S, generated by the sets

{x®y—-xy:x,yeA;iel} and {z®w—-zw:z,w € B;,i €I},
respectively, and hy :T — S the tensor map for Segal topological algebras (A;, f;,B;)ici- If
S-hy(T) C hy (T) (respectively, hy (T)-S C hy (T) or S-hy (T)-S C hy (T)), then the coproduct of the family
(A, fi, Bi)ier exists and is of the form ((HA,-,h, I_IB,-), ((a/j,,Bj))je]), where [|A; =T/J,]1]B; =S/L,
iel

iel iel iel
aj=kjodj, Bij=kpoujand Aj:A; —>T,u;:B; — S are the inclusion maps for each j € I.

5. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF THE COLIMIT OF A DIRECT
SYSTEM OF SEGAL TOPOLOGICAL ALGEBRAS

Let (I,<) be a partially ordered set. Take any direct system (((A,-,f,-,B,—)),-el;(qﬁj,wi)jﬁk) in Seg. Set
—((i i i< . . (RN :
K={(,j)eIxI:i<j} and let (((A(l’J),f(l’J)7B(l’J))(l’J)€K,(¢(k’l)’lﬁ(k’l))(i,j)SK(k,l)) be the direct

system of the domains of the direct system (((Al-,f,-,B,-)),-E];(¢j,w£)]~5k). Then, for each (i,j) € K,
we have A(; jy = A;,B(; j) = Bi, f(i,j) = fi- From Section 2 we know that whenever the coproducts

((HAz,h,]_[Bi),((%,&'))iel) and (( U Agj.h 1 B(i,j)),((V(i,j),5(i,j)))(i,j)ek) exist in Seg,
iel iel (i,j)eK (i,j)eK
then there exist also the morphisms

(a1,p1), (@2, B2) € MOY(( U Ag )b, U B(i,j)),(UAi,h,UBi)),

(i,j)eK (i,j)eK iel iel

induced by the direct system (((A;, fi, Bi))ier; (¢£,¢£)j5k).
Now we are ready to state and prove the main result of this paper.

Theorem 4. Let (I, <) be a partially ordered set, (((A;, fi, Bi))ier; (¢j , wi )j<k) adirect system of left (right
or two-sided) Segal topological algebras in Seg, K = {(i,j) € IXI:i < j} and

(i) (i)
(((A(w')vf (i) Bli.j) ek > (¥ (2,’1))<i,j>sK<k,l>)

the direct system of the domains of the direct system (((A;, f;, Bi))ier; (q’){{,wi)jsk).

Let T be the tensor algebra of the family (A;)icy, S the tensor algebra of the family (B;)ic;, W the tensor
algebra of the family (A j))i,j)ek and Z the tensor algebra of the family (B; j))(,jek- Let J,L,M and
N the left (respectively, right or two-sided) ideals, generated, respectively, by the sets

{x®y—-xy:x,ye A iel}, {z@w—-—zw:z,we B;,i €1},

{'x®y_'xy X,y EA(i,j)’(i’j) € K}’ {Z®W_ZW 1ZL,WE B(l,])’(l’.]) € K}
Let hr : T — S and hw : W — Z be the tensor maps for Segal topological algebras
(((Ai, fi- Bi))ier: (¢7.07) j<k) and (((A(i,j),f(i,j),B(i,j))(i,j)eK, (¢E2j)),‘//&fl;)(i’j)SK(k,l)
If S-hr(T) C he(T) and Z - hw (W) C hw (W) (respectively, hp(T)-S C hr(T) and

hw(W)-Z € hw(W) or S-hr(T)-S € hp(T) and Z - hw(W)-Z C hw(W)), then the
colimit of the direct system (((A;, fi, Bi))icr: (¢ ,wi)jﬁk) exists.

, respectively.
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Proof. By Theorem 3, we know that the coproducts ((HAi,h,HBi),(()/i,5i))ie1) and
iel iel

(( L Aujsh 10 B(i,j))e((y(i,j),5(i,j)))(i,j)el<) of the families  ((A; fi,Bi))ier  and

(i,/)eK (i,j)eK

((Aqi, ) fi,j)»Bi,j))i,j)ek » respectively, exist in Seg. Hence, we also obtain the morphisms

(a1,61), (a2, B2) € MOT(( U Ay b, U B(i,j)),(uAi,h,uBi)),
i€l

(i,j)eK (i,j)eK iel

induced by the direct system (((A;, fi, Bi))ier; (¢j ,wi) j<k). By Theorem 2, the coequalizer of the mor-
phisms (a@1,81) and (a7,[B>) exists in Seg. Therefore, by Theorem 1, the colimit of the direct system
(((Ai’ﬁaBi))iEI; (¢ialﬁ‘/]<)j5k) also exists. O

Open question. Let C be an arbitrary category and ((A;);er, (¢§.)l~5 ;) be such a direct system in C, for
which the colimit exists in C. Is it true then that also the coproduct of the direct system ((A;);er, (¢i,.)i5 i)
the coproduct of the direct system of the domains of ((A;);er, (¢§.),-5 ;) and the coequalizer of the morphisms
a and B, induced by the direct system ((A;);er, (qﬁ;)iﬁj), existin C?

6. CONCLUSIONS

In this paper we found some sufficient conditions for the existence of the colimit of a direct system in an
arbitrary category and applied this result in order to find sufficient conditions for the existense of the colimit
of a direct system in the category Seg of Segal topological algebras. The publication costs of this article
were covered by the Estonian Academy of Sciences.
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Kéesolevas artiklis leitakse piisavad tingimused konkreetse otsesiisteemi kopiiri leidumiseks suvalises kate-
goorias ning rakendatakse saadud tulemust piisavate tingimuste leidmiseks konkreetse otsesiisteemi kopiiri
leidumiseks Segali topoloogiliste algebrate kategoorias Seg.



	Introduction and motivation
	Preliminary definitions and results
	Sufficient conditions for the existence of the colimit of a direct system
	Preliminary results known for the category Seg of Segal topological algebras
	Sufficient conditions for the existence of the colimit of a direct system of Segal topological algebras
	Conclusions

