Proceedings of the Estonian Academy of Sciences,

2023,72, 1, 6-16 TOPOLOGICAL
https://doi.org/10.3176/proc.2023.1.02 ALGEBRAS

Available online at www.eap.ee/proceedings

On the joint continuity of module multiplication

Mart Abel

School of Digital Technologies, Tallinn University, Narva mnt 25, Room A-416, 10120 Tallinn, Estonia; Institute of Mathematics
and Statistics, University of Tartu, Narva mnt 18, Room 4078, 51009 Tartu, Estonia; mabel @tlu.ee, mabel @ut.ee

Received 13 June 2022, accepted 2 September 2022, available online 2 January 2023

© 2023 Author. This is an Open Access article distributed under the terms and conditions of the Creative Commons Attribution 4.0
International License CC BY 4.0 (http://creativecommons.org/licenses/by/4.0).

Abstract. Let A be any topological algebra over R or C. We show that the property of a topological left (right or two-sided)
A-module to have a jointly continuous action of A is inherited by submodules, quotient modules, completion, direct products, direct
sums, projective limits and injective limits. In the case of commutative topological A-bimodules, the same property is inherited by
topological tensor products.

Keywords: joint continuity of the module multiplication, topological modules, submodules, completion, unitization, direct prod-
ucts and sums, projective and inductive limits, tensor product.

1. INTRODUCTION

Let K denote either the field R of real numbers or the field C of complex numbers.

Let (A,+4,4,k) be an algebra over K. A linear space (E,+g,k-) over K is a left A-module if there
is defined an operation - : A x E — E, which is called left module multiplication or left action of A on E
and satisfies the properties a- (x+gy) =a-x+ga-y, (a+ab)-x=a-x+gb-x,(a-ab)-x=a-(b-x),
(Agka)-x=Ag-(a-x) =a-(Ag-x) forall a,b € A,x,y € E,A € K. The definitions of a right A-module
and a two-sided A-module are similar. For brevity of terminology and because we will present proofs only
for the left-sided case, in what follows, we will refer to action instead of left action, right action or two-
sided action. The only exception will be in Section 8, where we could obtain the result only for two-sided
A-modules and two-sided action.

Throughout the paper, a fopological algebra is an algebra A over the field K, which is equipped with a
topology 7 such that (A, 7) is a topological linear space and the algebra multiplication is separately contin-
uous, i.e., where the maps [, : A — A and r, : A — A, which are defined by ,(b) = ab,r,(b) = ba for all
b € A, are continuous with respect to the topology 7 for each a € A.

Let (A,7) = (A,+a4,4,K,Ta) be a topological algebra. A topological left A-module is a topological
linear space (E,Tg) = (E,+g,x-,Te) over K, which is also a left A-module, in which the (left) module
multiplication - is separately continuous, i.e., the maps -, : E — E, which are defined by -,(x) = a - x for all
x € E, are continuous for each a € A with respect to the topology 7. In case the map - is continuous, we
say that (E, Tg) is a topological left A-module with jointly continuous action or that the (left) action of A on
(E,tE) is jointly continuous.
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In what follows, we will omit the subindices of the symbols for algebraic operations for the sake of
conciseness, because it is clear in which structure a particular algebraic operation is defined.

Since (E,tg) is a linear topological space as well, the condition of being topological left A-module
with jointly continuous action could also be restated in terms of neighbourhoods of zero as follows. Let
40 be any base of neighbourhoods of zero in A and #{ be any base of neighbourhoods of zero in E.
Then the map - is continuous if and only if, for each W € %4, there exist V € 44 and U € #} such that
V-U={v-u:veVueU} CW. If one can show that this condition holds for only one pair .4g, # of
bases of neighbourhoods, then it holds for any pair .4g, # of bases of neighbourhoods of zero.

Remark 1. Notice that our definition of V - U differs from the similar definition in pure algebra, where it is
assumed for rings that

n
V~U:{Zv,--u,-:n€Z+,u1,...,unEU,vl,...,vneV}.

i=1

Remark 2. One can similarly define a topological right A-module with jointly continuous action and
a topological two-sided A-module with jointly continuous action, taking (E,T) to be left or two-sided
A-module and requiring joint continuity of the respective module multiplications. In this paper, except for
Section 8, where only the two-sided case is considered, we will give results and proofs only for the left-sided
case. The results and their proofs for the right-sided case and for the two-sided case are analogous and can
be carried out by the reader following the ideas of the left-sided case.

In [2], the authors studied locally convex A-modules, i.e., the case where (A, T4) is a locally convex
algebra and (E,tg) is a locally convex space. Among other things, they showed that the property of being
a locally convex A-module with jointly continuous action is preserved under several algebraic and topolog-
ical constructions (taking quotient modules, constructing unitization, constructing completion, taking direct
product, projective limit and strict inductive limits). We generalize these results for the case of arbitrary
topological algebras and arbitrary topological A-modules with jointly continuous action. In addition, we
also state and prove some extra results (joint continuity of the action is preserved for submodules and di-
rect sums; in the case of commutative topological A-bimodules, it is also preserved for topological tensor
products). For continuity of the action for submodules and direct sums, see also Remarks 4.1, 4.14 and 4.15
of [2].

2. SUBMODULES AND QUOTIENT MODULES

Let (A, t4) be a topological algebra, (E,7g) a topological left A-module and (N, Tv), where Ty = Tg |y, @
topological left A-submodule of (E, Tg). This means that N is a subspace of the linear space E, A-N C N
and v = {ONN : O € 15}. Let 4 be a base of neighbourhoods of zero in (A, 74) and #j a base of
neighbourhoods of zero in (E, 7g). Then the collection 2o = {W NN : W € #;} is a base of neighbourhoods
of zero in (N, Ty). The converse also holds: if .2 is a base of neighbourhoods of zero in (N, ty), then there
exists a base # of neighbourhoods of zero in (E, 7g) such that Zp = {WNN : W € #5}.

For each x,y € E, define x ~ y if and only if x —y € N. Then ~ is an equivalence relation on E and we
can define the equivalence classes [x] = {y € E :x~y} forall x € E.

Consider the quotient set E/N = {[x] : x € E} and the quotient map 7y : E — E /N which is defined by
my(x) = [x] for every x € X. Defining [x] + [y] = [x+y],A[x] = [Ax] and a[x] = [ax] for all x,y € E,A € K
and a € A, it is easy to see that E/N is an A-module. It becomes a topological A-module if we consider on
it the quotient topology 7z /y = {U C E/N : ' (U) € 15}

Let #) be a base of neighbourhoods of zero in (E,7z) and consider the collection
2o ={nn(W):W € #;}. Take any neighbourhood U of zero in (E /N, T¢y). Then 7y (U) is a neighbour-
hood of zero in (E, 7z). Hence, there is Wy € # such that Wy C 7! (U). Notice that then 7ty (Wy) € 24
and my(Wy) C miy (7 L (U)) = U. Hence, 2} is a base of neighbourhoods of zero in (E/N, TE/N)-
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Proposition 1. Let (A, T4) be a topological algebra, (E,Tg) a topological left A-module with jointly contin-
uous action and (N, Ty) a topological left A-submodule of (E, tg). Then the following claims hold:

1. (N, ty) is a topological left A-module with jointly continuous action;

2. (E/N,tg /N) is a topological left A-module with jointly continuous action.

Proof. It is obvious from the discussion preceding the proposition that (N, Ty) and (E/N, T y) are topo-
logical left A-modules. It only remains for us to show that the action of A on them is jointly continuous in
both cases.

For that, let .4 be a base of neighbourhoods of zero in (A, T4) and #} a base of neighbourhoods of zero
in (E,7g). As the action of A on (E, 1g) is jointly continuous, we know that for each W € % there exist
VesandU € #ysuchthat V-U CW.

(1) Consider the base Zo = {WNN : W € #{} of neighbourhoods of zero in (N, Ty) and take an arbitrary
X € Zj. Then there exists Wy € #; such that X = Wy N N. Now, for Wy, there exist Vx € 4 and Uy € #}
such that Vx - Uy C Wy.

Set Yy = Ux NN. Then Yy € Z) and

Vx Yy = Vx - (UxNN) C (Vx -Ux) N (Vx -N) CWx NN =X.

Hence, there exist Vx € 4 and Yx € £ such that Vx - Yy C X, which means that the action of A on (N, Ty)
is jointly continuous.

(2) Consider the base 2y = {7ny(W) : W € #5} of neighbourhoods of zero in (E/N, 7z /y) and take any
Z € Z. Then there exists Wz € #j such that Z = my(W). Now, for Wy, there exist Vz € A4 and Uz € #)
such that V7 - Uz C Wy.

Take Yz = iy (Uz). Then Yz € % and

VZ'YZ = VZ' ﬂfN(Uz) = ﬂN(VZ‘ Uz) C HN(Wz) =Z.

As Z € Zy was chosen arbitrarily, then the action of A on (E/N, T¢,y) is jointly continuous. O

3. UNITIZATION

One of the algebraic constructions which is used quite often is the construction of a unitization. Thus, let us
start with the algebra A over K and consider its unitzation A} = A x K = {(a,4) : a € A,A € K}, where the
algebraic operations are defined as follows:

(@A) +(b,pt) = (a+b,A+p),a(a,A) = (aa,al), (a,A)(b,u) = (ab-+Ab+ pa, Ap)

forall (a,A),(b,u) € Aj,a € K. Under these algebraic operations, the set A; becomes a unital algebra over
K with the unit element (64, 1), where 64 denotes the zero element of A. When we consider on K its natural
topology and on A; the product topology T4«x, we obtain a unital topological algebra (A}, T4xx) over K
(see [1], Proposition 2.2.9, p. 87).

In the product topology 7Tsxx, we consider the base of neigbourhoods of zero in the form
My ={NxY : N e MY € H}, where 4, is a base of neighbourhoods of zero in (A,7y),
JHo = {Bg : € > 0} is a base of neighbourhoods of zero in K and B = {1 € K:| A |< €}.

Notice that if (E, 7g) is a topological left A-module, then (E, 7g) is also a topological left Aj-module, if
we define the action of A; on (E, tg) by (a,A)x = ax+ Ax for all (a,A) € A|,x € E.

Proposition 2. Let (A, t4) be a topological algebra, (A1, Taxk ) the unitization of A and (E,Tg) a topological
left A-module with jointly continuous action. Then (E,tg) is also a topological left A\-module with jointly
continuous action.
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Proof. As (E,1g) is a topological left A-module with jointly continuous action, then there exist a base .4{
of neighbourhoods of zero in (A, 74) and a base #} of neighbourhoods of zero in (E, 7z) such that, for each
W € #, there exist V € Ayand U € #y withV-U CW.

Take the base .#) = {N xY : N € A,Y € 4y} of neighbourhoods of zero in A and any W € #4. Since
the addition in (E, 7 ) is continuous and since % is a base of neighbourhoods of zero in (E, Tg), there exists
Wi € #; such that W, +W; C W.

Because of the joint continuity of the action of A on (E, 7 ), there exist Viy € 4 and Uy € #} such that
Vw - Uy C W. Since multiplication by scalars is continuous in (E, Tg ), there exist &y > 0 and W, € #{ such
that Bg,, - W C W,. Now, there is W3 € % such that W3 C Uy N'Wa. Notice that My = Vi X Bg,, € .#p and

My -W3 CVyy -W3+Bg, - W3 CVyy - Uy +Bg, - Wo CW + W CW.

As W € # was chosen arbitrarily, the action of A; on (E, 7g) is jointly continuous and (E, T ) is a topolog-
ical left A;-module with jointly continuous action. 0

4. COMPLETION

Let (E,tg) be a left A-module, (,=;),(J, =) two partially ordered sets and (x;)icz, (y;)jes two nets that
consist of elements of E. For such nets, addition, scalar multiplication and multiplication by elements of A
will be defined as follows:

(xi)ier + (Vi) jer = (i + i) jyerxss Axi)ier = (Axi)ier, a(xi)ier = (axi)ier

for all nets (x;);cs, (v;)jes and for all A € K,a € A. Two nets (x;);c; and (y;) jes, Which consist of elements
of E, are said to be equivalent, if, for any neighbourhood O of zero in (E, 7 ), there exist ip € I, jo € J such
that from ip = i, jo =<y j it follows that x; —y; € O. The fact that the nets (x;);c; and (y;) jes are equivalent
is denoted by (x;)ic; ~ (v;)jes. The relation ~ is an equivalence relation and we will denote the class of
all nets that are equivalent to (x;);es, by [(x;)ics]. A constant net will be denoted without indices, i.e., a
net (x;);er, where x; = x for each i, will be denoted by (x) and the equivalence class of this constant net
will be denoted by [(x)]. The completion (E, ;) of a topological A-module (E, ¢ ) is the collection of all
such elements which, as constant nets, are limit points of convergent nets in E. This means that an element
[(x)] € E if and only if there exists a partially ordered set (7, <) and a net (x;);c; € E such that the net (x;);cs
converges to x. As a topological linear space, (E , Tz) is complete (see [1], Theorem 2.3.13 (iii), p. 97). If

#} is a base of neighbourhoods of zero in (E, Tz ), then the collection # = {W : W € #;}, where
W = {[(x)] € E : there exists a net (x;);c; and iy € I such that (x) ~ (x;);c; and x; € W, whenever iy < i}

is a base of neighbourhoods of zero in (E ,Tz). When we define the action of A on (E ,Tz) by taking

a[(x)] = [(ax)] to be the limit of the net (ax;);c;, where x is the limit of the net (x;);c;, then (E, T;) becomes
a topological left A-module.

Proposition 3. Let (A,14) be a topological algebra and (E,tg) a topological left A-module with jointly

continuous action. Then the completion (E, Tz) of (E, ) is also a topological left A-module with jointly
continuous action.

Proof. As in the proof of Proposition 2, there exist a base .4 of neighbourhoods of zero in (A,74) and a
base # of neighbourhoods of zero in (E, 7g) such that for each W € % there exist V € Ay and U € %}
withV-U CW. . B .
Consider the base #y = {W : W € #;} of neighbourhoods of zero in (E, 7;) and take any O € #. Then
there exists W € # such that O = W. As addition and scalar multiplication are continuous in (E, ), there
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exists Wy € #{ such that —W; +W; C W. Since the action of A is jointly continuous on (E, Tg), there exist
Viy € Ap and Uy € #p such that Viy - Uy CW;.

Consider the set Uy € # and take any [(x)] € Uw. Then there exists a partially ordered set (I, <), a net
(xi)ier and indices io, iy, € I such that from iy < i it follows that x; € Uy and from iy, = i it follows that
x;i —x € Uy. Hence, x —x; € —Uy whenever iy = i. As [ is partially ordered, there exists i; € I such that
io < i; and iy, =i;. However, now x = (x —x;, ) +x;, and we obtain

Vv - {01} = Vv - o] = V- {(x = %)+, 1]

and
Vi - {(x—xi,) +xi, F C Vi - {x—x, F + V- {x, }
CVw-(—Uw)+Vw - Uy C—(Viw -Uw) +Vw - Uy C =W +W; CW,

which means that Vi - {[(x)]} € W. As this holds for each [(x)] € Uy, then Viy - Uy C W and the action of A
n (E, t3) is jointly continuous. O]

5. TOPOLOGICAL DIRECT PRODUCT AND TOPOLOGICAL DIRECT SUM

Let (A,74) be a topological algebra, I any set of indices and ((E;,7;))ie; some collection of topological
left A-modules. For each i € I, denote by %#; a base of neighbourhoods of zero in (E;,7;). Then one can

construct the topological direct product (HE,, T) by considering the algebraic direct product []E; of the
i€l
modules (E;);e; and equipping it with the product topology 7, in which the base of neighbourhoods of zero

is the set
Wo = {HZ,- . there existn € Z" and iy,...,i, €I such that Z; € #;,
icl
ifi e {i1,...,iy} and Z; = E;, otherwise } 5.1
It is easy to check that (HE,, T) is a topological left A-module if we define the action of A on E; by

a- (x;)ier = (ax;);es for all a E A and (x;)ier € []E:
il
Proposition 4. Let (A,14) be a topological algebra and ((E;,T;))icr a collection of topological left
A-modules with jointly continuous action. Then the topological direct product (T1E;,T) is a topological
icl

left A-module with jointly continuous action.

Proof. As we already know that ([]E;, ) is a topological left A-module, it remains to show that the action
i€l
of A is jointly continuous on the topological direct product.
For that, let .#j be a base of neighbourhoods of zero in (A, 74) and, for each i € I, let W; be a base of

neighbourhoods of zero in (E;, 7;). Consider the base #{ of neighbourhoods of zero in ([]E;, 7) as defined

icl
by (5.1) and take any W = [[Z; € #. Then there existn € Z" and iy, ...,i, € I such that
i€l
7 _ Wye;, if iedil,... in}
") E;, otherwise
As (E;,7,),...,(E;,,T,) are topological left A-modules with jointly continuous action, there exist

Vii,o. Vi, € M, Uiy € Wiy,... Uy, € W, such that V- Uy CW;y,..., Vi U, CW,;,. Set

I, =

e U, ifie {i,... i
V:mVik andU:HYi, where ¥; =< " i {fh in}
k=i icl E;, otherwise
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Then V is a neighbourhood of zero in (A,7) and U € #p. Hence, there exists V € .4 such that V C V.

Notice that now V -U = [[V - ¥; C W because
il

V_y__{V-Ufgﬁ-U,-gw‘U,-gm, it {in,...in}
-

V- E; C E;, otherwise

Thus, ([]E;, ) is a topological left A-module with jointly continuous action. O
icl

Recall that the topological direct sum of the collection ((E;, 7;))ie; is the pair (DE;, T, ), where E;

iel el icl
consists of all such elements (x;)ic; € [1E;, where x; € E; for all i € I and x; # 6, only for finitely many
il
values of i € 1. The topology Tqyg, = 7|k, is the restriction of the direct product topology on the direct sum.
i€l i€l

Remark 3. In general, there are several different topologies that one could consider on an algebraic direct
sum — for example, the box topology, the asterisk topology, etc. In this paper, we consider only the case
where the topology on the direct sum is the subspace topology of the direct product topology, because it
makes the main result about the topological direct sum an easy corollary of the preceding results. In the
case of other topologies, more work should be done in order to obtain the result.

Since the algebraic direct sum of left A-modules (E;);c; is a subset of the algebraic direct product of
the same left A-modules, we define the action of A on the algebraic direct sum as we did it for any element
of the algebraic direct product. It is easy to check that then the algebraic direct sum of left A-modules
becomes itself a left A-module, which is closed with respect to the algebraic operations. Moreover, as we
are considering the subspace topology, it will become a topological left A-module, hence, a topological left
A-submodule of the topological direct product of the same collection of topological left A-modules.

Now, as a consequence of Proposition 1 and Proposition 4, we obtain the following result, where T,
ici
is the restriction of the direct product topology on the direct sum.

Corollary 1. Let (A, 1t4) be a topological algebra, ((E;,T;))icr a collection of topological left A-modules
with jointly continuous action and (PE;, TgE,) the topological direct sum of the collection ((E;, T;))icr of

i€l i€l
topological left A-modules. Then (BE;, TgE,) is also a topological left A-module with jointly continuous
icel il

action.

Proof. As we already mentioned before stating the corollary, the direct sum of the collection ((E;, T;))ier
of topological left A-modules is a topological left A-submodule of the direct product ([]E;, T) of the same
i€l

collection of topological left A-modules.
By Proposition 4, we know that the action of A on the direct product ([]E;, T) is jointly continu-
icl

ous. By Proposition 1, we obtain now that the action of A on the direct sum (DE;, Tgg,) is also jointly
il icl
continuous. O

6. PROJECTIVE LIMIT

Similarly to the case of direct product, one can consider also a topological projective limit of a family of
topological left A-modules. In this case we need not just a set / but a partially ordered set (I, <), a collec-
tion ((E;, 7i))ier of topological left A-modules and a collection {%;; : E; — E;,i,j € I,i < j} of continuous
A-linear maps such that h;; : E; — E; is the identity map for each i € I and h; = h;jo hji for each i, j,k € 1
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with i < j < k. Such a collection {((E;, 7))icr; (hij)i,jer,i<j} is called a projective system of topological left
A-modules.

The topological projective limit of the projective system {((E;, 7;))ies; (hij)i jer,i<j} of topological left
A-modules is the topological space (lgnE,-, T@Ei), where

@Ei = {(xi)iel S HEi : h,‘j(xj‘) =ux; foralli,jel withi= ]}

icl

and the topology TiimE; = T|1<i£151. is the restriction of the product topology 7 on [] E; to the algebraic projective
iel
limit set @E,
Consider the projection maps py : [[E; — Ex, defined by py((x;)ier) = x¢ for each (x;);e; € [1E; and
iel il

each k € I. It is known that the projection maps (py)xes are continuous with respect to the product topology.
It is also easy to see that p; = h;jop; forall i, j € I withi < j.

In the case of the topological projective limit, the restrictions 7, = pyg ‘@Ei of the projection maps are
considered for each k € I. Since p; = h;jo p;, then also 7; = Pi’@Ef: (hij OPj)hi@nE,: hijo (pj|y£1El.) =h;jom;
foralli,jelwithi=<j.

As the direct product of topological left A-modules is a left A-module, then the topological projective
limit, as a subset, is also a topological left A-module, because the topology on the topological projective
limit is the subspace topology and the algebraic operations on the direct product carry over to the projective
limit easily.

Denote a base of neighbourhoods of zero in (E;, 7;) by #; for each i € I. Then, it is a well-known fact
that a base of neighbourhoods of zero in (l'glE,-, Tlei‘llE") has the form

Pkl

n
WimE, = {ﬂn;l(wik):nez+,i1,...,inel,m, Wiy W, e%}
k=1

Proposition 5. Let (A, 1) be a topological algebra and {((E;,7;))icr; (hij)ijeri<j} a projective system of
topological left A-modules with jointly continuous action. Then the topological projective limit (@Ei, T@E,-)
is also a topological left A-module with jointly continuous action.

Proof. Since we already know that (l'glE,-, Tl'glE,-) is a topological left A-module, it only remains for us to
prove that the action of A is jointly continuous on the topological projective limit.
For that, consider the base %{iLnE,- of neighbourhoods of zero in (@E,‘, T@Ei) and take any W € %{iﬁﬂ.

Then there exist n € Z*,iy,...,i, € I and W;, € #;,,..., W, € ¥;

n

n
such that W = N nizl(W,-k). Since
k=1

the action of A is jointly continuous on the A-modules (E;,,T;,),...,(E;, T, ), there exist V; ,..., Vi € A,
U,‘] S W,‘],...,Uin S 7/,'" suchthatVil 'Ui1 QVV,‘I,..., -Ul‘" GVVin.

~ n n ~
Take V=NV, and U = nizl(Uik). Then V is a neighbourhood of zero in (A,74) and U € 7/1&,5[.
k=1 k=1

iil
Hence, there exists V € .4 such that V C V.N ow,

n n n
V-uc(V-m ! (U) C Viem ' (U) S (N, (Vi Us) € (w3 (W) = W
k=1 k=1 =1 k=1

=~

AsW ¢ WL@E,- was chosen arbitrarily, the action of A on (1'£1E,~, TLiI_HEi) is jointly continuous. O
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7. INDUCTIVE LIMIT

Let (1, =) be a partially ordered set and ((Ej, ;) );cs a collection of topological left A-modules. Suppose that
there exists a collection {A; i Ei— Ejijeli= j} of continuous A-linear maps such that h;; : E; — E;
is the identity map for each i € I and hj, = hji o h;; for each i, j,k € I with i < j < k. Such a collection
{((Ei,7))ier; (hij)i jeri=;} is called an inductive system of topological left A-modules.

In the set |JE; an equivalence relation ~ is defined, where for x1,x; € JE; and ij,i € I, with x| € E;,
icl icl
x; € E;,, we have x; ~ x; if and only if there exists i € [ such that i; < i,i <iand h;,;(x1) = hj,i(x2). Denote
by [x] the equivalence class of x € |JE; under the relation ~. The set ligE,- = (UE;)/~ of all equivalence
il icl
classes is called the inductive limit of sets (E;);c;. Let w: | JE; — l;ugE,v be the natural quotient map, defined
icl
by 7(x) = [x] for each x € [JE; and for each k € I, let v : E; — |JE; be the inclusion map. Then, for each
iel il
k € I, the map hy = wo v : E; — limE; is such a map that imE; = Jh;(E;).
limE; limE; Uni(Ei

Remark 4. Some authors construct the inductive limit of a direct system of modules as a quotient module
of the direct sum of the family, as one of the referees kindly noted. The approach presented in this paper
for constructing the inductive limit using equivalence relation is chosen to make this construction more

independent of the construction of the direct sum and to give a different proof for Proposition 6.

The topological inductive limit of the inductive system {(E;, T;)icr; (hij)i jer,i<j} of topological left
A-modules is the topological space (ligEi, TL‘“E")’ where the topology

Timg, = {U C limE; : h7'(U) € t; foreachic I}

is the final topology, defined by the maps (%;);c;. With respect to this topology, all maps (/4;);e; and also the
quotient map 7 are continuous.

Notice that algebraic operations on the inductive limit are defined by “lifting” the elements into the
suitable space E;, where the operations are defined. Indeed, for a € A,A € K and [x|], [x;] € limE;, there
exist i1, i, j € I such that x; € E; ,x» € E;,,i1 < j,i» < j. Hence, there exist y; = h; j(x1) = hj;j(y1),
Y2 = hiyj(x2) = hjj(y2) € Ej such that [x;] = [y1] and [xa] = [y2].

Take any k € I such that i} < k,ip < k and z; = h; x(x1),22 = hi,k(x2). Then there exists / € I such that
Jj =21,k <1 and we have

hji(y1) = (hjiohiy ) (x1) = hiyi (1) = (g o hii) (1) = hua (21)

and similarly 4;(y2) = hy(z2). Hence, y1 ~ z1 and y» ~ z, which means that [y|] = [z1] and [y] = [z2].

Therefore, we can define [x;] + [x2] = [y1 + 2], A[x1] = [Ax1] = [Ay1] and alx;] = [ax;] = [ay;]. With
respect to these algebraic operations, the topological inductive limit becomes a left A-module. Moreover,
due to the definition of the topology on the inductive limit, it also becomes a topological left A-module.

Denote module multiplication on (E;, 7;) by m; for each i € I and module multiplication on ligEi by m,
i.e., m; : A X E; — E; is defined by m;(a,x;) = ax; for all (a,x;) EA X E;and m : A X 1;111>1E,» — I;IIEE,' is defined
by

m(a, [x]) = [mi(a,x;)] = |axi]

for any i € I such that x; € E; and [x] = [x;]. Suppose that there exist i, j € I such that i # j and [x;] = [x] = [x;].
Then there is k € I such that i <k, j <k and hy (x;) = hji(x;). Now, hy(ax;) = ahy(x;) = ahji(x;) = hjx(ax;)
and [m;(a,x;)] = [ax;] = [ax;] = [mj(a,x;)]. Hence, the result of module multiplication does not depend on
the selection of i € I with [x;] = [x].

In [2], Proposition 6 of the present paper was not proved nor even stated (Proposition 4.16 of [2], which
is similar to Proposition 6 of the present paper, was stated only for the strict inductive limit). Here we offer a
proof of that result, but with different methods than the previous ones, which used a base of neighbourhoods
of zero. In order to prove the result, we first need the following lemma.
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Lemma 1. Let (A, T) be a topological algebra, (liAlEi, Tli_m&) the topological inductive limit of the inductive
system {((Ei, %) )ier; (hij)ijeri=;} of topological left A-modules and m : A ximE; — imE; a bilinear map.
If the map mo (idg xh;) : A x E; — E;, where id, is the identity map on A, is continuous for each i € I, then
the map m is also continuous.

Proof. Since we are dealing with A-modules and m is a bilinear map, then it suffices to check the continuity
of the maps at the zero element (see [3], p. 171) of A ><1i_n>1E,~. Thus, suppose that mo (id4 X h;) is continuous

at (64, Og,) for each i € I. Let O be any neighbourhood of zero in (ligE,-, ThglEi)- Then, for each i € I, there
exist a neighbourhood V; of 64 and a neighbourhood U; of 6, such that (mo (ida x h;))(Vi x U;) C O.

Take P = iLEJI(Vi x hi(U;)) and let py : A x h_n}E,' — A,meEi TA X lﬂEi — h_ngE,' be the projections. Then
pa(P) = UV, is a neighbourhood of 6,4, as a union of neighbourhoods of 6,4, and PlimE; (P) = Uhi(U;) is
icl i€l
a neighbourhood of 911_r>nE,», because hk’l(Uhi(U,')) D Uy is a neighbourhood of 6, for each k € I. Hence,

icl
P is a neighbourhood of (64, 911_r>nEl.) in the product topology on A x IQEI This means that there exists a
neighbourhood V of zero in the base of neighbourhoods of 64 in 74 and a neighbourhood U of zero in the
base of neighbourhoods of Glin_}Ei in ThimE; such thatV xU C P.

Take any (a,[x]) € V x U. Then (a,[x]) € P, which means that there exists k € I such that
(a,[x]) € Vi x hy(Uy). Hence, there exists x; € U such that [x] = Ay (xx), (a,xx) € Vi x Uy and

m(a, [x]) = m(a,hi(xx)) = m((ida X hy)(a,xz)) = (mo (idg X hy))(a,x;) C (mo (ida x he)) (Vi x Ug) € O.
Hence, m(V x U) C O and the map m is jointly continuous. O

Using this lemma, we obtain the desired result for the topological inductive limit.

Proposition 6. Let (A,t4) be a topological algebra and {(E;,%;)icr; (hij)i jeri=;} an inductive system of
topological left A-modules with jointly continuous action. Then the topological inductive limit (li_n;E,-, T@Ei)
is also a topological left A-module with jointly continuous action.

Proof. Notice that
(mo(ida X hi))(a,x;) = m(a,hi(x;)) = m(a, [xi]) = [mi(a,x;)] = T(m;i(a,x;)) = (Tom;)(a,x;)

foreachi € I,a € A and x; € E;. Since the quotient map 7 and the map m; are continuous, then mo (id4 X ;)
is also continuous for each i € /. Using Lemma 1, we obtain that the map m is also continuous. Hence, the
action of A on the topological inductive limit is jointly continuous. 0

8. TOPOLOGICAL TENSOR PRODUCT

Let A be an algebra and (M, /,-,) an A-bimodule, i.e., (M, ;) is a left A-module, (M, -,) is a right A-module
and (a-ym)-,b=a-;(m-.b) forall a,b € A,m € M. Then we know that, for any a € A and m € M, we can
calculate a-;m € M and m -, a € M, but it might occur that @ -;m # m -, a. In what follows, we also need that
condition to be true.

Definition 1. An A-bimodule (M,-},-,) is called a commutative A-bimodule if a-;m =m-.a for each a € A
and each m € M. In case (A,Ty) is a topological algebra and (M,-;,-,) is also a topological A-bimodule,
we call M a commutative topological A-bimodule.
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In what follows, we will not use the subindices / nad r for module multiplication. This will make the
text more concise and, hopefully, will not cause any confusion.
Let I be any nonempty set of indices and ((E;, 7;) );c; a collection of commutative topological A-bimodules.

Then the topological tensor product of the collection ((Ej, T;))ies is the pair (®E,~, TQE,), Where ®E,- is the
algebraic tensor product of A-bimodules (E;)ic; and Tgg, is the tensor prodllleclt toplte)llogy, a baséeé)f which
consists of sets in the form ®0,-, where, for eachi € ,%,- is from the base of the topology ;.

Notice that (by the deﬁlreliltion of an element of a tensor product of algebras or even linear spaces) an
arbitrary element x € (_X)Ei can be represented in the form E ®x,-7k of a finite sum of elementary tensors
(_83x,-7k, where n, € Z™ laelid Xi € Ejforeachicland k € {ll,{.:.l.liix}.
i€

Fix any iy € I and, for a,b € A, definea-x-b = HZX @y,-,k, where y;, r = ax;, xb and y; x = x;; for each
i €I\ {ip}. The result of the multiplication a - xb do{c(: lnlgtl depend on the choice of iy € I, because for any

n

X

x= Y Qxir i1 €Iand a,b € A, we have for each k € {1,...,n,} the equalities
k=1icl

®ax10kb®®xllk®:®x107kba®®xll7k®:

:”'®xi0,k®'”®ba-xi1,k®”':”.®xio,k®.”®a-xi|,kb®"‘7

by using the property of the tensor product of A-modules sufficiently many times, which allows us to “flip”
or “toss” any element of A from one side of the tensor product sign to another. (We can write x;, ; to the
right-hand side of x;,x in the tensor product because the set I is not ordered and we can freely choose the
order in which we write the factors in the tensor product.)

By the same property of “flipping” or “tossing” the elements of the topological algebra (A, ) from one
side of the tensor product sign to another, we can show that the topological tensor product of the collection
of commutative topological A-bimodules is itsef also a commutative topological A-bimodule. With that, we
are ready for the last result of this paper.

Proposition 7. Let (A, T4) be a topological algebra, I any nonempty set of indices, and ((E;, T;))ics a col-
lection of commutative topological A-bimodules. If there exists iy € I such that the two-sided action of A

on (Ej,, ) is jointly continuous, then the topological tensor product (QE;, tgg,) is also a commutative
iel i€l
topological A-bimodule with jointly continuous two-sided action.

Proof. We already know that the topological tensor product (QE;, Tgg,) of the collection ((E;,T;))ies of
iel i€l
commutative topological A-bimodules is a commutative topological A-bimodule. Let us show that the two-
sided action of A on the topological tensor product is also jointly continuous.
Let .4 be a base of neighbourhoods of zero in (A, 74 ), Z; be a base of neighbourhoods of zero in (E;, 7;),

for each i € I, and consider the base

%z{@Oi:OiE%foreachiel}

iel

of neighbourhoods of zero in (QE;, gk, )-
iel i€l
Let iy € I be such an index that the two-sided action of A on (E;,, 7;,) is jointly continuous. Take any
O € Z. Then there exist neighbourhoods of zero O; € Z;,i € I such that O = @0O;. Note that an element
il
y belongs to O if and only if there exist n, € Z™" and, for each i € I, elements Yils--sYin, € Oi such that

n‘-
V=Y Qik-

k=1liel
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Since the two-sided action of A on (Ej,, T;,) is jointly continuous, then there exist V;,Tj, € .4 and
Ui, € Z, such that V;, -U;, - Tj, € O;,. SetV =V, T =T;, and U = QW,, where W;) = U;, and W; = O;

ios
icl
for each i € I'\ {ip}. Then V,T € A and U € %,. Take any a € V,b € T and x € U. Then there exist
Ny

ne € ZT and, for each i € I, elements Xi1,--Xin, € Wi such that x = ), @x;. Notice that a € V;,b € T},

k=1i€l
and x;,x € U, for each k € {1,...,n,}. Thus, ax; b €V, -U;, - Tj, € O, for each k € {1,...,n,}. For
each i € I\ {ip}, we have x;x € O;, for any k € {1,...,n.}. Foreach k € {1,...,n.}, set y;, x = ax;, xb and
Yik =Xix, if i € I\ {ip}. Take y = a-x-b and n, = n,. Then

1y
axb=y=Y @y

k=11€l

with y;x € O; foreachielTand k € {1,...,n,}.
Hence,a-x-b€ 0. AsacV,b €T and x € U were chosen arbitrarily, we see that V- U - T C O and the
two-sided action of A on the tensor product is jointly continuous. O

Open problem. Is there any possibility of obtaining a result similar to Proposition 7 for the collection
((Ei,7i))ies of one-sided A-modules?

9. CONCLUSION

In the present paper we have shown that the property of topological A-modules to have jointly continuous
module action is inherited under several algebraic and topological constructions.
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Moodulkorrutamise iihtsest pidevusest
Mart Abel
Artiklis ndidatakse, et mitmed algebralised ja topoloogilised konstruktsioonid (faktormooduli votmine, otse-

korrutise, otsesumma, projektiivse piiri, injektiivse piiri vdi tensorkorrutise moodustamine jne) siilitavad
topoloogiliste A-moodulite moodulkorrutamise iihtse pidevuse.
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