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Abstract. This paper investigates the robust Hoo fault-tolerant controller design under actuator failure for a class of the stochastic
Markov jump time-delay systems with parameter uncertainties. The existence condition of the state feedback robust Hoo fault-tolerant
controller with actuator failure is presented. The robust Hoo fault-tolerant control algorithm is derived in the form of linear matrix
inequality via the Lyapunov stability theory. The proposed control does not need to estimate the boundary value of an actuator fault,
nor does it depend on fault detection and diagnostic devices. By solving the linear matrix inequality, a robust fault-tolerant controller,
which makes the closed-loop system asymptotically stable and whose Hoo performance is restricted by a given bound, is designed
such that its structure is comparably simpler and does not require a large number of calculations. The designed controller is applied
to a UAV illustrative example. The numerical results and computer simulation demonstrate the effectiveness of the proposed fault-

tolerant control.
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1. INTRODUCTION

With the increasing complexity of the control systems,
especially the systems with high safety requirements (such
as aircraft, power systems, chemical facilities, nuclear
energy facilities, etc.), the fault-tolerant control strategies
need to be used in order to ensure that the system can still
meet a certain stable performance when an abnormality
occurs.

System integrity means that when one or more
components in the system fail, the system can still work
steadily by using the remaining components. In the early
days, many scholars carried out research on this problem
[1-3]. In 1971, Niederlinski proposed the concept of
integral control [4], which is the idea of fault-tolerant
control. If the closed-loop system is still stable and has ideal
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characteristics when the actuator, sensor or component fails,
the closed-loop control system is called the fault-tolerant
control system. Around 1980, Siljak researched the problem
of reliable stabilization of the system and published some
results, which are the important early literature for the fault-
tolerant control [5-7].

Faults in the engineering system mainly include the
actuator fault, sensor fault, controller fault and controlled
object fault [8—11]. The actuator is the most prone to
failure because it performs control tasks frequently. The
failure of the actuator in the system may cause the system
to lose its original performance, or even cause the system
to become unstable [12—15]. For example, in spacecraft
control systems, the actuators are one of the key
components for precise control. If the actuator fails, it will
inevitably affect the performance of the spacecraft control
system. In serious cases, it may even lead to the failure of
the space mission. Therefore, when the actuators fail, how
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to use limited information to improve the stability of the
system has attracted the attention of many scholars. In
short, it is of great significance to study the robust fault-
tolerant control when the system fails [16—18].

In recent years, many scholars have had some
achievements in the research of robust fault-tolerant
control [19-22]. Ma et al. [19] have investigated the
networked non-fragile H,, control problem for Lipschitz
nonlinear system with quantization and packet dropout in
both feedback and forward channels. The problem of
iterative learning of fault-tolerant control for multi-stage
intermittent processes with uncertainties and actuator
failures is studied in [20]. Tong et al. [21] have researched
the adaptive fuzzy decentralized fault-tolerant control
(FTC) problem for a class of nonlinear large-scale systems
with strict feedback. The nonlinear system considered
contains unmeasured states and actuator faults. By means
of fuzzy logic systems, approximating unknown nonlinear
functions, a fuzzy adaptive observer is designed to es-
timate the unmeasured state. Mahmoud and Khalid [22]
have proposed for interconnected systems within the
framework of integrated design a fault-tolerant control
scheme to monitor and detect the faults in time, and to
reconfigure the controller according to these faults.

In practical engineering systems, there is a wide range
of systems with Markov chains. This system includes both
time state evolution and event modal-driven hybrid
dynamic systems. In particular, due to the existence of
random phenomena such as component failures, changes
in the external environment, and network delays, the
systems may suddenly change in structure or parameters.
At this time, the systems can often be abstracted as
Markov jump systems for modelling and analysis. In
recent years, many scholars have focused on Markov
jump systems and have had some research achievements
[23-29]. H,, state feedback control for singular Markov
jump systems with incomplete transfer probability
knowledge is studied in [23]. Zhang et al. [25] have
designed a finite-time bounded observer with elasticity
and robustness for a class of nonlinear systems with
nonlinear measurement equations, which all have dis-
appeared nonlinear model disturbances and additive
perturbations. Moon and Bagar [26] have considered the
robust stochastic large population game for coupled
Markov jump linear systems (MJLS). Based on the robust
mean field game theory, a low complexity robust
decentralized controller is designed. In the case of control
for Markov jump time-delay systems, the category of
control methodologies employing contemporary develop-
ments in switching BAS control as well as the switched
systems theory are of considerable importance. Li et al.
[28] have modelled the linear time-varying delay system
with actuator failures as a switched linear time-varying
delay system by utilizing the switched systems theory and

a suitable control scheme. Li et al. [29] have considered
the problem of reliable stabilization and Heo control for a
class of continuous-time switched Lipschitz nonlinear
systems with actuator failures. The sufficient conditions
for reliable exponential stabilization of the switched
systems were derived by hybrid observer-based output
feedback control.

The quad-rotor UAV is widely used in military
reconnaissance, power inspection, aerial photography and
in other fields due to its several advantages such as good
stability, low flight speed, and low-altitude flight safety
performance. In flight, a quad-rotor UAV may suffer from
random disturbances such as the external environment
changes, system parameters changes, and damage to the
internal components of the system, which may result in
faults. The Markov jump system model can effectively
describe random mutations caused by failures and due to
other reasons during system operation. Therefore, the
quad-rotor UAV system model can be abstracted as a
Markov jump system model description, and then the
corresponding control method can be designed.

In this paper, for actuator failure the robust Hoo fault-
tolerant control of stochastic Markov jump system with
both state and input delays is studied. By establishing the
fault model of the actuator, according to the Lyapunov
stability theory, the sufficient condition for the existence
of the robust Hoo fault-tolerant controller is given, which
makes the closed-loop system asymptotically stable and
meets certain Hoo interference suppression. The advantage
of the robust fault-tolerant control designed in this paper
lies in the fact that there is no need to estimate the
boundary value of actuator failure, nor does it depend on
fault detection and diagnostic devices. Finally, the
designed controller is applied to a UAV illustrative
example. The numerical results and computer simulation
demonstrate the effectiveness of the proposed fault-
tolerant control.

2. PROBLEM STATEMENTS

In the probability space (Q, F, P), consider a stochastic
Markov jump time-delay system with parameter uncer-
tainties

X(t) = (A(r) + AA(r))x(2)

+(4, (1) + A4, (r)x(t —d,)

+(B(r,) +AB(r))u(t)

+(Bd (rt) +AB, (Vt Nu(t— dz)
+(B,(r,)+ AB, (r))o(t)

x(1) = @(1),t €[-7,0] | (1)

where Q is the sample space, F' denotes the o algebra
subset on the sample space, and P indicates the probability



104 Proceedings of the Estonian Academy of Sciences, 2021, 70, 1, 102—110

density. x(¢) € R" is the state vector, u(f) € R refers to the
control input, z(f) € RY is the control output and w(¢) € R?
is an external interference input vector in w(z)€ L[0,00).
L;[0,0) is the square integrable function space, ¢(f)
signifies a continuous initial state and {r,>0} is a
continuous time state of Markov process with the values
in the finite space A={1,2,~-,N}. The state transition
probability is

7;h+o(h),
l+zh+o(h), i=j’

) ) i#j
P, =jln=0= @
where £> 0 and lim = o(h) / h = 0. m; is the state transition
probability from state 7 at time ¢ to state j at time ¢ + 4. If
N
Jj # i, then 7;; > 0. Otherwise, 7, =— > 7. A(r,), Adry),

J=l,j#i
B(r), B,r,) and B,(r;) are known constant real matrices

of appropriate dimensions; AA(r,), Ady(r,), AB(r,), AB4(7;)
and AB,(r) are time-varying parameter uncertainties
which satisfy the following condition

[AMd(r) A4,(r) AB(r) AB,(r) AB,(r)]
=EmF@OH, ) Hy(r) H(;) Hr) Hx)], G)

where E(r,) and H{(r,)(i=1,2,3,4,5) are known constant real

matrices of appropriate dimensions. F(f) denotes an un-

known matrix function with measurable elements and sat-

isfies F()F(£)<I, I is unit matrices. d; and d, are time-delay

parameters, which satisty d,> 0, d,> 0, t=max {d}, d,}.
In this paper, we will design a feedback controller

u(t) = Kx(1) . “4)

where K; € R™*" is a constant matrix with appropriate
dimension.
The stochastic Markov jump time-delay closed-loop
system is as follows:
%(t) = Ax(t)+ A,x(t—d,)
+B,x(t—d,)+B,o(t), ®)
)C(t) = ¢(t)9t € [_Ta O] 5
where
B,B=(B+AB)K,
,B,=(B,+AB))K,

+AA+
d AAd
ABm

+
+

o &:kl hNy]
1]
Eba PN

Definition 1. [30] In the stochastic Markov jump time-
delay system (1), when u(t) = 0 and w(t) = 0, if for all
initial states x, initial mode ry, system uncertainties (3)
and all finite functions ¢(f) defined in [, 0], we have

E{|, 1 x(t, (0,13 Pt} <o, (6)

then the stochastic Markov jump time-delay system (1) is
asymptotically stable.

Definition 2. [23] Given a scalary > 0, if there is a state
feedback controller (4) such that for all possible actuator
failures, any x, € R", ro € A and system uncertainties (3),
the closed-loop system is asymptotically stable and
satisfies

E{[, [z zdry < /[ "o @eede],  (7)

then the stochastic Markov jump time-delay system (1) is
asymptotically stable and has the H,, performance index
y>0. The corresponding controller is the robust H., fault-
tolerant controller.

Lemma 1. [31] (Schur Complements). Given the
symmetric matrix
@ :|: ®Il ®12 :| ,
®21 ®22

where ®1;and @, are symmetric matrices, the following
conditions are equivalent:

1)®<0,
(H) ®11 < 0, ®22 - ®21®;11®12 < 0’
(e, <0,0, -0,0,,0,, <0.

Lemma 2. [32] For the uncertainty F(¢) and the matrices
M = MT, S and N with appropriate dimensions, the
following two conditions are equivalent:

(1) M+SFO)N+N'F"(1)S" <0,

(2) existing p >0,

M pS N
pST —pI pJT|<0.
N pJ -—pl

3. ROBUST H, FAULT-TOLERANT CONTROL
WITH THE ACTUATOR FAULT SYSTEM

In the system, the following actuator failure is introduced:
u” (1) = [ulr (1)t (t)}

=[1=p(1)]u (1), ®)

where p(f) = diag{p\(t),p.(t)}, pit) represents an

unknown actuator failure factor, p; and p; are the upper
and lower bounds of the actuator failure factor p;.
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According to the operation of the actuator, there is 0 < p;
<p;<p; < 1. When p,= p;= 0, the i, actuator works
properly; when p;= p;= 1, the iy actuator has a failure;
when 0 < p; < p; < 1, the iy, actuator has a partial failure.

When an actuator failure occurs in a Markov time-
delay system, the state feedback controller is

u(t)= (I - pO)K ,x(t) = LK x(0). ©

Bringing the equation (9) into the equation (5), the
actuator fault closed-loop system of the stochastic Markov
jump time-delay systems is
%(t) = Ax(t)+ A,x(t —d,) + B,x(t —d,)
+B,o(1), (10)
X(t) = @(t)af € [_Ta 0] N

where
A=A+AA+B,B=(B+AB)LK,
A, =A,+AA,,B, =(B, +AB,)LK,
B, =B, +AB,.

Theorem 1. Consider the closed-loop system (10) with
actuator failures, if there exist symmetric positive definite
symmetric matrices P;, Q;, R;€ R"" and matrix K; € R™",
and the constant y > 0 such that the following matrix
inequality (11) holds

* * *
QI]

gzl QO” g: : <0, (11)
31 33
Q, 0 0 I
where
Q,=A"P+P"4+0 +R +Z P,
Q, = ZdTiR»Qsl _Ed];'])i’

Then the system (10) is asymptotically stable and can meet
the H,, performance index y > 0.

Proof. Let w(f) = 0, construct a Lyapunov functional
candidate as

Vix,n,0)= ZV(XN iz (12)

where

Vi

o't

VGt =[x (5)0x(s)ds,

r,t)=x" (£)Px(?),

VGt =[x (R x(s)ds.

In Euclidean space, the weak infinitesimal operator
for the Lyapunov function with the Markov jump process
is defined as follows:

KV(x,,r,,t)

_BE)E[E{V('XHAN t+At’t+At)} V(xﬂ t’t)]
0

ZEV('X““ [7t)+_V(xt’ nt)x(r)

N
+Zﬂ,-jV(x,,V,,f) )
=1

Then the derivative of V(x,, r;, ) for time along the closed-
loop system (10) is as fOllOWS‘

eV (x,,r.t)= Z£V(x[, ., (13)
where
112 (x,,r,, t) (@O Px(t)+x" ()P x(2)
+ Z;z[,.xT (t)Px(t),
Jj=1

LV, (xt,r,,t) xT(t)Ql.x(t)
—x'(t=d)Qx(t-d,),
[V(Yt’ Ho )sz(t)Rix(t)

-x"(t-d,)Rx(t—d,).
Substituting the first formula in the equation (10) into
(13), we have

14 (x, R z‘) F(OPx(t)+x ()P (1)
+Z mx" ()P x(t)+x" (£)0,x(1)
—x'(t- d)Ox(t—d))+ x' (DRx(1)

~x"(t—d,)Rx(t—d,)

= (Ax(t)+ A,x(1—d))
+B,x(t—d,)" Px(t)+x" (t)P" (Ax(t)
+A,x(t—d))+B,x(t—d,)

+ﬁ: ”,-,-XT (OPx(1)+ x' ()0x(t)

—x"(t=d)Ox(t —d,) + X (1) R x(2)
—x'(t=d))Rx(t—d,) =& (DQ (1),

where
Q, * * x(1)
Q= Q, Q, * 1,8 =] x(t—d,
Q, 0 Q x(t—d,
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From the equation (11) and Lemma 1, ;< 0 can be
derived, i.e. £V(x,, r;, ) < 0. According to Definition 1, the
closed-loop system (10) is asymptotically stable.

Below, the closed-loop system (10) is discussed with
the H,, performance index y. Under zero initial conditions,
for any non-zero external perturbations w(?) € L*[0,00], the
derivative of V(x,, r, f) along the closed-loop system (10)
is

eV, (x,,7,1) < (Ax(t)+ A,x(t—d,)
+§dix(t —d,))+ Ewiw(t))T Px(t)
+x" (OB (Ax(0) + A,x(t ~d,)

+B,x(t—d,)+ B,,a(t)) +x" ()0,x(t)
+i 71'l.ij (OPx(t)— x'(t—d)0x(t—d,)

+}cT(t)Rix(t) —x"(t—d,)Rx(t—d,),

then
' (O)z() -y’ 0" o)+ £V, (x,.7,,1)
=" (NQy5(0),
where
Q“ * ES *
Q — QZI QZZ * *
? Q3l 0 Q}} * ’
Q 0 0 I
x(2)
x(t—d,
r)=
c(2) *(t—d,
(1)

Q< 0 can be obtained from (11), which is z7(f)z(¢) -
260T(t)a)(t) + V(X 11, 1) < 0.
Then the equation (14) can be derived by Dynkin’s
formula

E{ 17 (020 - o (Do(t)]dt}
+E, (xtvrtat)}_E{Vm (xo’roato)} <0,

where xg, 7o and ¢, are the initial values of the cor-
responding variables. From the equation (14), the follow-
ing can be obtained:

E{[ 1 0x0dny < 1] o (D).

(14)

(15)

As can be seen from Definition 2, the actuator fault
closed-loop system (10) is stable and can meet the H,,
performance index.

According to Theorem 1, the algorithm for the con-
troller solving is given below.

Theorem 2. For stochastic Markov jump time-delay
systems with actuator failures (10), if there exist matrices
and X;> 0, P,> 0, Q,-> 0, R, > 0 and K;, W;€ R™" and
y > 0 such that the following matrix inequality holds, then
we obtain

f)“ * * * * *

Qﬂ sz * * * *

A o * * *

{231 0 Q,, <0, (16)
Q, 0 0 —}/2[ * *

pE’ 0 0 0 -pl *
| Q. HX, HLW, Hg pJ —pl|

where

=(AX,+BLW) +(4X,+BLW,)

|2 ]

-@+R+ZﬂPX =X A,

A A

Q Qu;=-R,,

1

= (B,LW) .,
Q41 :Ba];i’Qm =H X, +H,LW,

Then K;= W;X;\is the robust H.,, fault tolerant controller
of the closed-loop system (10).

Proof. Let P;= X', K;= W, X', 0 = X '0,X;,
R; = X 'R, X' pre- and post-multiplying both sides of
(16) by {X; ' X' X' X' I - I}. From Lemma 2, the
equation (16) is equivalent to the equation (11). The proof
is completed.

The condition for the asymptotic stability of the
closed-loop system under actuator failure is given by
Theorem 1. The solution of the robust Hoo fault-tolerant
controller is provided by Theorem 2. The conclusions
address the stochastic Markov jump time-delay system
with parameter uncertainties. Compared with the existing
references, the proposed fault-tolerant control does not
need to estimate the boundary value of the actuator failure.

4. EXPERIMENTAL SIMULATION
4.1. Numerical simulation

Consider the stochastic Markov jump time-delay systems
with the following parameters,

mode 1:
08 05 0.1 05
= ,Ag= ,
-0.5 03 02 -03
0.1 0.8 0.2 0.1
7Bd >
{0 5 0. 6} [0.3 0.2}

01 0
B_= ,
7 0 0.1
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mode 2:
05 02 02 0.1
A= A, = ,
|-0.1 0.5 0 02
[0.2 0.2 0.1 0.1
B= ’Bd = >
103 0.6 03 02
[0.1 0
B = R
i 0 02
where -
[0.1 © 0.1 0
E= JH, = ,
| 0 0.1 0 0.1
(02 0 0.1 02
Hz = 5H3 = )
| 0 02 0.2 0.1
[0.1 0.2 0.1 0
H4 = 9H5 = ’
102 0.1 0 0.1
in(z 0
7=0.F0)=| """ ,
0 cos(?)
o(t) = e *eos(t) )
e *sin(t)

The transition probability matrix is 7;; =|: 12 _21},
di=d,=0.5,2=0.2,p=0.5.

Consider a system actuator failure, Ly = diag(1, 1) is
actuator normal, L; = diag(0, 1) and L, = diag(1, 0) indi-
cate an actuator failure. When the second channel faults
occur in the system, y = 0.9828 is obtained by using the
MATLAB LMI toolbox. The state feedback gain matrices
are as follows:

{6.4338 —0.2554}
1= E]

~0.2554 —6.6371
[-10.6675  —0.2927
271 202927 -11.3763 |

The state response curves with the actuator 2 failure
are shown in Figs 1 and 2.

1

0.9
0.8
0.7
0.6
0.5H

0.4 \

03b

State x1

0.2

0.1 AN

0 L L . " L
0 0.1 02 03 04 05 06 07 08 0.9 1

Time s

Fig. 1. The x1 status with the actuator 2 failure.

107

0 01 02 03 04 05 06 07 08 09 1
Time s

Fig. 2. The x2 status with the actuator 2 failure.

When the first channel faults occur in the system,
y = 1.1373 is obtained by using the MATLAB LMI tool-
box. The state feedback gain matrices are as follows:

[-4.0525  0.2060
"1 02060 -4.1882]

[—7.9843
L=

—0.1906
—0.1906 '

—7.9945

At this time, the state response curves with actuator 1
failure are shown in Figs 3 and 4.

In the case of an actuator failure, it can be seen from the
simulation results that the designed controller can ensure
that the system has certain anti-interference and fault tol-
erance. This verifies the effectiveness of the proposed method.

4.2. UAV application simulation

To further verify the effectiveness of the proposed method,
the robust fault-tolerant control method is applied to the

094
0.8}
07F \

06r

o5t

State x1

044

03} \

0.2t

0.1

0 . N — " M L
0 01 02 03 04 05 06 07 08 09 1

Time s

Fig. 3. The x1 status with the actuator 1 failure.
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0 S =
e
e
—0.5¢ /
7
1k
~ [
> /
r |
§ -1.5}1 .'I
& /'
2l I|'
I|
[
25t
I|
|

01 02 03 04 05 06 07 08 09 1
Time s

Fig. 4. The x2 status with the actuator 1 failure.

quad-rotor UAV control system. With reference to [33], a
linearized four-rotor UAV model is selected, and its
parameter matrices are as follows:

A(t)
~1.46 0 2428
=10.1643+0.58(t) —0.4+ (1) —0.3788,
0.3107 0 -2.23
02 0 03
4,=/01 05 0 |,
0 01 02
01 0 005
4,=1003 02 0 |,
0 005 0.1
0 0.1
B =B,=|1|,D,=D,=]02],
0 0
0.1 ~0.1
E=|-01,E,=| 0 |,
0 -0.2
2.0 0 1
a=a-; o 1}a=r-}]

where f(f) is an uncertain model parameter that satisfies
the Markov jumping process of the mode

N=2:

-Lr(t)=1

ﬁa)z{—;ra)zz.

Considering that the first failure occurs in the system, the
other parameters selected are the same as the numerical
example. x(¢) = [x; x, x3]7 = [0 ¢ w]” is the state vector,
where ¢ is roll angle, 6 is pitch angle, and y is yaw angle.

In order to apply simulation, the initial state is set to
xo(1, 0.1 0.1), the actuator failure is set to f,(¢) = sin().
y = 4.4577 is obtained by using the MATLAB LMI
toolbox. The state feedback gain matrices are as follows:

K;=1[-90.5965 3.2325 -27.1382],
K,=1[39.7603 4.1709 35.10].

The roll angle, pitch angle, and yaw angle curves are
shown in Figs 5-7. It can be seen from Figs 57 that there
is a certain transition process in the initial operating state
of the system. However, under the action of the fault-
tolerant controller, the roll angle, pitch angle, and yaw
angle of the UAV can reach stability after a short
adjustment process. The results show that the designed

0.5+ \

Roll angle state ¢/rad
&
n

0.2 : * T T T T T

0.1[

Pitch angle state 6/rad
&
(38}
/

Time s

Fig. 6. The curve of pitch angle 6.
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Yaw angle state y/rad
&
=

Time s

Fig. 7. The curve of yaw angle y.

fault-tolerant controller has a good control effect when it
is used in a four-rotor UAV system. The effectiveness of
the proposed method is verified.

5. CONCLUSIONS

In this paper, the robust Hoo fault-tolerant control for
uncertain stochastic Markov jump systems with both state
time-delay and input time-delay has been studied. Based
on the linear matrix inequality, by constructing the
Lyapunov functional, the sufficient condition is presented
for the asymptotic stability of the closed-loop system
under actuator failure. Moreover, the solution of the fault-
tolerant controller is also provided, so that the closed-loop
system satisfies a certain Hoo suppression index y. The
validity of the method is verified by the numerical
simulation examples and UAV application simulation.
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Vigase tiiturmehhanismiga stohhastiliste ajalise hilistumisega Markovi
hiippesiisteemide robustne Hoo veakindel juhtimine ja rakendamine

Fu Xingjian ja Pang Xinrui

On uuritud robustset Hoo-meetodil pohinevat veakindlat juhtimist parameetriliselt ebatdpsete stohhastiliste ajalise
hilistumisega Markovi hiippesiisteemide jaoks. Lyapunovi stabiilsusteooria abil on leitud piisav tingimus lineaarse
maatriksvorratuse kujul robustse kontrolleri olemasoluks, mis garanteerib tditurmehhanismi rikke korral suletud siisteemi
astimptootilise stabiilsuse ja etteantud tulemuslikkuse. Robustne veakindel juhtimisalgoritm on leitud lineaarse maatriks-
vorratuse lahendina. Juhtimisalgoritmil on lihtne struktuur ja selle leidmine ei ndua palju arvutusi. Meetodi kehtivust
on kontrollitud akadeemilise nidite ja mehitamata Shusdiduki mudeli numbriliste simulatsioonide kaudu.
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