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Abstract. Since the erosion rate depends on energy exchange between particles and the material, a 
reformulation of the equations of the collision of two solid bodies is presented. The solution is 
adapted to the calculation of the energy, absorbed by the plain material surface during the impact of 
a spherical particle. It has been observed that energy loss strongly depends on dynamic coefficients, 
on the coefficient of velocity restitution after impact, k, and coefficient of dynamic friction, f. The 
new method and experimental equipment for the determination of the coefficients are described. 
 
Key words: particle–wall collision, coefficient of restitution, coefficient of dynamic friction, 
energy dissipation. 

 
 

1. INTRODUCTION 
 
The definition of erosion is “the progressive loss of material due to the 

mechanical interaction between a surface and a fluid or solid particles” [1]. 
Erosion resistance of a material depends on many factors, including target 
material properties and process conditions such as particle velocity, collision 
angle, temperature and erodent properties. Moreover, the erosion rate should be 
proportional to the energy exchange between the erodent and the impacted 
material surface. Different particles transfer the energy to the target over a 
different volume, thereby causing different energy densities in the target material 
and different mechanisms and rates of damage. 

In impact mechanics, there are different approaches to the interaction of solid 
bodies. One of the first approaches was developed by Newton in the 17th 
century. Energy exchange may be described in terms of dynamic coefficients. 



 27

Classical theory of impact, based on the Newton’s second law, continues to be 
successfully used to model the process of two-body collision. The equations 
involve coefficients of velocity restitution after the collision, impulses and 
momentum. Further, approaches considering frictional forces were developed. A 
comprehensive review of the collision models has been presented in [1]. 
Depending on the contact process and the approach, solution of the model 
equations can involve mathematical methods ranging from linear algebraic to 
nonlinear differential equations. The objectives of this paper are the proper use, 
interpretation and measurement of the dynamic coefficients in the case of solid 
particle contacts with a flat solid surface. 

Since the energy exchange is related to velocity and to the angle of impact, 
these coefficients are to be determined with a great care. As dynamic coefficients 
are not material constants, the coefficients must be evaluated experimentally or 
analytically related to the contact process. Any change in energy loss due to 
material effects can easily be masked by a small change in velocity. To clarify 
the details of the two-body interaction, a special test facility, equipped with a 
digital video camera, was worked out and used. 

 
 

2. IMPACT  MECHANICS  WITH  APPLICATION  TO  ENERGY  LOSS 
 
The problem to be approached is that of a solid particle impacting a massive 

flat surface. Figure 1 shows a diagram of the particle–wall collision. The axes t  
and n  are chosen tangential and normal to the plane surface of the specimen, 
respectively. 

 
 

β
l

t

n

O

nd

cd

Ft

Fn

C

 
 

Fig. 1. Diagram of the two-body interaction. 
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The appropriate equations are well known [2] and their mathematical evalua-
tion and interpretation are given in detail elsewhere [2–4]. In our case, the 
equations can be written as follows [2]: 

 

2 1
( ),n c n cv d k v dΩ ω+ = − +                                      (1) 

 

2 2 1 1
,n t n tfv v fv v− = −                                          (2) 

 

2 2 1 1
,c n n t c n n tmd v md v I md v md v IΩ ω− − = − −                     (3) 

 

where 
1nv  and 

1t
v  are the normal and tangential components of the particle 

velocity before collision, respectively, 
2nv  and 

2t
v  are the normal and tangential 

components of the particle velocity after collision, describing the movement of 
the centre of the mass ,C  Ω  and ω  are the final and initial angular velocities, 
respectively, and I  is the moment of inertia. Equation (1) contains a coefficient 
k  that expresses the process of the normal velocity restitution of particles at the 
point .O  It is obvious that the value of k  is between 0 and 1. The coefficient f  
in Eq. (2) represents the process of tangential velocity restitution and is named 
the coefficient of dynamic friction. Finally, Eq. (3) expresses the conservation of 
the angular momentum about the point .O  

The assumption of sphericity of the solid particle simplifies the equations to a 
great extent, and in the case of a ball the equations can be rewritten as [2] 

 

2 1
,n nv kv= −                                                    (4) 

 

2 1 1
(1 ) ,t t nv v f k v− = − +                                           (5) 
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Ω ω
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where R  is the particle radius and 2 2Rλ ϕ=  (ϕ  is the radius of gyration); for a 
solid sphere 

 

5 2.λ =  
 

Generally, these equations correspond to the case when a sliding movement of 
the sphere takes place. When sliding finishes, the particle will either stop or roll.  

A discussion of the conditions under which sliding ceases, allowing an 
adhesion to take place, has been presented in [2]. However, it is worth mentioning 
that the dynamic friction coefficient is small enough and that prevents occurrence 
of the adhesion processes between the particle and the target material. According 
to [2,5], the boundary condition for sliding is as follows: 
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For non-sliding conditions a general solution corresponds to the rolling of 
particles and the equations should be replaced by [2] 

 

2 1
,n nv kv= −                                                  (8) 

 

2 1 1

2
( ),

7t t tv v v Rω− = − +                                       (9) 

 

1
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( ).
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R
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The loss of the kinetic energy K  is expressed as: 
 

1 1 2 2

2 2 2 2 2 21 1 1 1
( ) ( ) .

2 2 2 2n t n tK m v v I m v v Iω Ω= + + − + −                   (11) 

 

Equation (11) can be rewritten in terms of Eqs. (4), (5) and (6): 
 

1

2 21
(1 )[1 2 (1 )(1 )],

2 nK mv k k fb f k λ= + − + − + +                    (12) 

 

where 
1 1

( ) .t nb v R vω= −  
The energy loss can be expressed in a more convenient, non-dimensional form 

by dividing K  by the initial kinetic energy of a particle. This normalized energy 
K ∗  is expressed as 

 

2 2

2 2

1 1
2 ,

11 1 c c

k b f f
K
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∗
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                          (13) 

 
where cf  is the maximal value of the coefficient of dynamic friction: 

 

1
.
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f
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                                              (14) 

 
Equation (14) approaches the expression (7) in the case of a solid sphere. 
For some applications, the coefficients may be determined with an analytical 

procedure like the dynamic finite element analysis, or experimentally. Therefore 
the main task of this study is experimental determination of the coefficients of 
restitution to calculate the particle energy loss or the energy, absorbed by the 
target material during the impact. 

 
 

3. EXPERIMENTAL  PROCEDURE  AND  MATERIALS 
 
A schema of the test equipment used for the measurements of particle 

velocities and impact angles is shown in Fig. 2. An Ar-Ion laser beam was used 
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to illuminate the working area [5,6]. The light area was produced by widening the 
laser beam with a cylindrical lens. The impact event was recorded with a digital 
video camera and transferred into a PC. The video images were then decomposed 
into individual frames with software. A calibration procedure was carried out to 
eliminate any distortions. 

Figure 2 shows the particle accelerator, which was specially developed by 
SIVUS GmbH at Chemnitz University of Technology, Germany, for the 
determination of dynamic coefficients. The particles leave the feeding system 
and enter the particle accelerator (a rotating disk). This accelerator permits a 
precise evaluation of the collision variables. A centrifugal force drives particles 
through the channels of the accelerating disk that is set in rotation by a 
circulating belt [5,7]. Being pushed by the centrifugal force, the particles move 
towards a target that can be fixed at a corresponding angle onto a bracket of the 
cover. Therefore the particles outlet has a fixed spatial position and a negligible 
rotation. 

Steel and ceramic–metal composites (cermets) of different composition were 
used as target materials. Composition of the tested materials and hardness ratio of 
the material and glass particles (HV 540)=  are listed in Table 1. 

 
 

 
 

Fig. 2. Experimental facility. 
 
 

Table 1. Composition and mechanical properties of materials tested 
 

Grade Composition Vickers  
hardness, HV10  

Hardness ratio, 

m pHV /HV  

C20 80wt % Cr3C2 + 20wt %Ni 1140 2.11 
W15 85wt % WC + 15wt %Co 1258 2.33 
C20S 80wt % Cr3C2 + 20wt %Ni (reaction sintering)  1233 2.28 
St 16MnCr5 steel   740 1.37 
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Fig. 3. Distribution of initial and rebound particle velocities: (a) grade C20 as the target and impact 
angle of 75°; (b) grade W15 as the target and impact angle of 30°. 
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Fig. 4. Particle tracks obtained with the video camera: (a) impact angle 30°; (b) impact angle 60°. 
 
 
The particle velocity before impact was 10 and 30 m/s and the collision angle 

was from 15 to 85°. The 125-µm glass beads were used as the impacting 
particles. A characteristic distribution of the bead velocity is illustrated in Fig. 3. 
Because of some deviation from the initial velocity, mean velocity is shown. A 
view of particle tracks is shown in Fig. 4. 

Results of a study of the steel target – glass ball interaction are described in [7,8]. 
 
 

4. RESULTS  AND  DISCUSSION 
 
The boundary conditions for the sliding impact can be rewritten using Eq. (7) 

with 0ω =  as follows: 
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where 1α  is the impact angle. The coefficients of the velocity restitution k  and 
of the dynamic friction f  can be calculated as 

2

1

| |
,

| |
n

n

v
k

v
=                                                   (16) 
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−
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                                            (17) 

 

The experimental data about the variation of the coefficients with the impact 
velocity and angle are presented in Figs. 5, 6 and 7. For composite materials the 
coefficient of restitution decreases slightly when the impact angle increases. 
Much  lower  rebound  effect is  observed when a more  plastic  material (steel) is  
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Fig. 5. Coefficient of velocity restitution vs impact angle: (a) cermets; (b) steel. 
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tested (Fig. 5b). An interesting effect can be noticed when the dependence of k  
on the initial impact velocity of the particle is studied (Fig. 6). It should be 
mentioned that similar effect of initial increase of k  has been observed when 
composite targets were impacted with glass beads of much larger size of 650 µm 
in diameter (Fig. 6b). Some increase in the coefficient of restitution can be 
explained by the compression of the target material. Impacting particle squeezes 
out the plastic binder and plunges hard carbide grains into a soft substratum 
without any failure. Carbide grains loose their protective binder, forming a thin 
subsurface  transition layer with strength parameters differing from the bulk body  
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Fig. 6. Coefficient of velocity restitution vs particle velocity: (a) present study; (b) [7]. 
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Fig. 7. Coefficient of dynamic friction: (a) vs particle velocity; (b) vs impact angle. 
 
 

parameters. In all probability, some energy is accumulated by interphases up to 
the velocity when tensile stresses both in the target surface and particle initiate 
crack propagation [9]. 

As it was expected, f  is a function of both impact angle and initial velocity 
of the particle (Fig. 7). Moreover, the coefficient of friction depends on the 
relative sliding velocity between the particle and the target and may be estimated 
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through .cf  In the present case, the sliding velocity decreases with the increase 
in the impact angle and velocity and the particle can start rolling. In ductile 
materials high shear strength is accumulated in the sub-surface regions of the 
target material because of friction-induced plastic deformation. That results in a 
high friction coefficient [10]. Cermets mostly show brittle fracture with relatively 
low resistance to crack extension, originating from pre-existing defects. Energy 
release is more likely achieved through the formation of fracture surfaces rather 
than through plastic or viscoplastic processes, as compared to the more ductile 
materials of similar strength. 

Taking into consideration Eqs. (15) to (17), the energy loss can be  
evaluated as 

 

2 2 2
1 1

2
(1 ) sin 2 cos .

7 c c

f f
K k

f f
α α

∗
 

= − + − 
 

                  (18) 

 

With ,cf f  the first term in Eq. (18) expresses the fraction of the energy  
loss due to the normal inelasticity alone. The second term corresponds to the 
fraction of the energy loss due to the tangential effect. Thus Eq. (18) becomes 
 

.n tK K K∗ ∗ ∗

= +                                               (19) 
 
Here tK ∗  depends on k  through .cf  Both terms of the normalized energy loss are 
plotted in Fig. 8. 
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Fig. 8. Effect of the impact angle on the normal and tangential part of the normalized energy loss in 
the case of W15 cermet. 
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This reveals that the energy loss at smaller impact angles is almost exclusively 
caused by the tangential forces. Both compressive and tangential losses have the 
same order of magnitude at the impact angle of about 60°. Compressive effects 
dominate at angles close to 90°. 

Energy loss due to inelasticity is insufficient, because material hardness 
exceeds the particle hardness and relatively soft but brittle particles are not able 
to cause plastic flow in a hard target. In the case of elastic impact, the energy 
absorbed at oblique impact includes a substantial component attributed to the 
energy dissipation by frictional effects at the particle–target interface and the 
component of the energy, transmitted to the surface, depends strongly on the 
impact angle through the coefficient of dynamic friction. A large portion of the 
incident energy is dissipated via elastic-plastic deformation and heating in the 
near-surface regions [11]. Figure 9 shows the normalized energy, absorbed by two 
cermets. 

The initial stage of material damage can be studied by means of a scanning 
electron microscope. Single impact craters produced by a glass sphere into the 
surface of W15 and C20 cermets are presented in Fig. 10. The isolated impact 
sites reveal different mechanisms of material failure for different composites. As 
compared with the relatively ductile WC-Co, impact site of the Cr3C2-based 
cermet shows much more brittle response. 
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Fig. 9. Effect of the impact angle on the normalized energy, absorbed by cermets. 
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(a) 
 
 

 
 

(b) 
 

Fig. 10. Single impact craters after collision at the impact angle of 75°: (a) W15; (b) C20. 
 
 

5. CONCLUSIONS 
 
The magnitude of the energy, absorbed during each impact, is a function of 

the impact angle and frictional effects. It plays the most important role in the 
energy release under conditions of two-body interaction. To apply the energy loss 
expression and to study the impact wear dependence on the energy absorbed by a 
surface, two coefficients are to be estimated. These are the classical coefficient of 
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velocity restitution, ,k  and the dynamic friction coefficient, .f  The method and 
test equipment proposed above permit the estimation of the coefficients 
experimentally. Energy, absorbed by the target material, gives information about 
the two-body interaction process. Moreover, tests allow simulation of single or 
multi-impacts of controlled energy. The initial stages of the erosion damage can 
be examined. 
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Dünaamilised  koefitsiendid  löögimehaanikas 
 

Irina Hussainova, Klaus-Peter Schade ja Sergei Tisler 
 
Erosiooni kiirus sõltub energia vahetusest osakese ja katsetatava materjali 

vahel. On toodud kahe tahke keha kokkupõrke valemi analüüs neelduva energia 
arvutamiseks sfäärilise osakese löögil vastu tasapinnalist katsetatavat materjali. 
On näidatud, et energia neeldumine on ranges sõltuvuses dünaamilistest koefit-
sientidest, mida töös on nimetatud kiiruse restauratsiooni koefitsiendiks pärast 
lööki (k) ja dünaamiliseks hõõrdekoefitsiendiks (f). On kirjeldatud uut meetodit 
ja eksperimentaalseadet nende koefitsientide määramiseks. 

 


